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(i) 

ABSTRACT 


This  thesis  deals  with  problems  on  sets  of  numbers 
containing  not  more  than  a  given  number  of  terms  in  progres¬ 
sion  (arithmetic  in  Chapter  I,  geometric  in  Chapter  II),  and 
with  a  problem  on  bases  for  sets  of  integers. 

In  Chapter  I  we  find  a  lower  estimate  for  g  (n) ,  the 

X/ 

largest  number  g  with  the  property  that  one  can  always 
select  g  elements  from  any  set  of  n  reals  so  that  no  Z 
of  the  numbers  chosen  are  in  arithmetic  progression.  We 
prove  that 


?zln> 


1/Z  1-2/ z 


n 


1. 


We  also  consider  the  problem  of  finding  how  many  elements 
can  be  chosen  from  an  aribitrary  set  of  n  integers  so  that 
no  three  of  the  chosen  integers  are  in  arithmetic  progression. 
We  find  that  if  the  n  integers  lie  in  [1,  n  ]r  where  a  >_  1 , 
then  we  can  choose  at  least 


1  -  3/2a  log  2  /  /log  n  -  3  log  2  /  log  n 

elements.  We  also  show  that  in  any  interval  of  length  at 
least  n  ,  almost  all  sets  of  n  integers  from  that  interval 
contain  a  progression-free  subset  of  cardinality  at  least 

1  -  (3/6  log  2  +  e)  /  /log  n  . 


Finally  in  Chapter  I  we  consider  a  related  geometrical  problem. 
In  Chapter  II  we  obtain  an  improvement  over  a  result  of 


T"  "  '*•  ^ 
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(ii) 


R.  A.  Rankin  on  the  density  of  sets  of  positive  integers  that 
contain  no  n  terms  in  geometric  progression  (n  >  4) .  Our 
results  take  different  forms  according  as  n  is  prime,  odd 
and  composite,  or  even.  For  n  prime  we  construct  a  set 
whose  density  is 

C  (n)  /  U(n-l)  c  {  (n-1)  n }  ]  . 

To  obtain  the  densities  in  the  other  cases  we  prove  the  follow¬ 
ing  result  (Lemma  2.1) :  If  E  is  any  set  of  non-negative 

integers  containing  0,  and  Q(E)  is  the  set  of  all  integers  N 

°°  a . 

of  the  form  N  =  n  p.  ,  where  p.  is  the  i-th  prime  and 

i=l  1  1 

each  a.  is  chosen  from  E,  then  lim  [Q(E)] (x)/x  exists;  that  is, 

x-*«> 

Q  (E)  has  a  density.  We  also  find  for  each  n  >_  3  an  upper 
estimate  for  the  possible  density  of  sets  containing  no  n-term 
geometric  progression. 

In  Chapter  III  we  find  a  new  lower  estimate  for  k^(n), 
the  smallest  number  of  reals  that  can  be  used  to  form  an 
h-basis  for  n.  A  set  A:  a^  =  0  <  a.2  <  a3  <  •  •  •  <  _S  n 

is  called  an  h-basis  for  n  if  each  of  0,  1,  2,  ...  ,  n 

can  be  expressed  as  the  sum  of  h  summands  a^  from  A,  with 
repetition  of  summands  allowed.  While  earlier  results  were 
obtained  using  separate  arguments  for  h  =  2  and  for  h  >  2, 
we  handle  all  cases  h  >  2  with  a  common  argument. 
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CHAPTER  I 

ON  SETS  OF  NUMBERS  CONTAINING  NO  £ 

TERMS  IN  ARITHMETIC  PROGRESSION 

§1.1  Introduction 

If  S  is  a  set  of  n  real  numbers,  then  among  the 
subsets  of  S  that  contain  no  £-term  arithmetic  progression  there 
is  one  of  maximum  cardinality  G  (S) .  Let  g  (n)  =  min  G  (S) ,  the 

36  36  ^  36 

minimum  being  taken  over  all  sets  S  of  n  reals.  In  §1.2  we  find 
a  lower  estimate  for  g  (n)  ,  and  also  consider  cases  in  which  S 
is  restricted  to  be  a  set  of  integers.  In  §1.3  we  consider  a 
related  geometrical  problem. 

Considerable  study  has  been  made  of  the  case  S  =  {l,2,...,n}. 
Let  r  (n)  =  G  ( { 1 , 2 , . . . , n } ) .  Szekeres  conjectured  that  r  (n)  = 

36  36  36 

o(n) ,  and  this  has  been  proved  in  the  case  £  =  3  by  Roth  [18] , 
who  showed  that  r^(n)  <  cn/loglog  n.  Szekeres  had  conjectured 
also  that  for  given  £  there  is  a  number  a  in  (0,1)  such  that 
r  (n)  =  0(na) ,  but  this  was  proved  false  by  Salem  and  Spencer 

X/ 

[19] ,  who  proved  that  for  e  >  0, 


,  N  1  -  (log  2  +e ) /log log  n 
r^(n)  >  n  ^ 


provided  n  is  sufficiently  large.  Behrend  [3],  Moser  [11], 
and  Rankin  [14]  improved  this  estimate,  the  latter  showing 
that  if  £  >  2k(k  a  positive  integer),  e  >  0,  and  c  =  (k+1)- 
2k/2  (log  2) k/(k+1) (i+e) ,  then 


r,(n) 


c/ (log  n) 


k/  (k+1) 


(1.1) 


.aielcarj  I  »^±3^s/no3P  -9^1  m 
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provided  n  >  N(e,k) . 

The  study  of  the  function  r£ (n)  began  with  Erdos  and  Turdn 
[7] ,  who  were  interested  in  obtaining  an  upper  estimate  for  a 
function  of  van  der  Waerden.  The  latter  proved  [21]  that  given 
positive  integers  k  and  a,  there  exists  an  integer  W  such  that 
if  1,2,...,W  are  partitioned  into  k  or  fewer  classes,  at  least 
one  class  contains  an  £-term  arithmetic  progression.  Let 
W(k,£)  be  the  smallest  such  integer  W.  If  one  could  find  an 
integer  n  such  that  r  (n)  £  n/k,  then  it  would  follow  that 

X/ 

W(k,£)  <_  n.  For  an  account  of  these  problems  see  ErdOs  [6,  pp . 

220-223],  where  the  above  conjectures  of  Szekeres  are  mentioned. 

§1.2  On  g  (n)  and  progression-f ree  sets  of  integers 

X/ 

In  this  section  we  prove  the  three  theorems  stated  below. 

By  a  progression-f ree  set  will  be  meant  a  set  containing  no 

o 

3-term  arithmetic  progression. 


Theorem  1.1  Let  2  <  a  <  n.  Then 


(1.2) 


,  .  .1/1  l-2/a  , 

g  (n)  >  4  '  n  -  1. 


Since  g  (n)  <_  r  (n)  ,  (1.2)  provides  an  estimate  for  r£  (n)  , 

X/  X/ 

and  if  a  is  not  too  small  compared  with  n,  a  larger  estimate 
than  (1.1).  In  fact,  if  a  >  2  log  n,  then  (1.2)  implies 


,  x  1-2/a  .  1-1/log  n  1-1/ ( log  n) 

g  (n)  >  n  x  >  n/e  =  n  >  n 

X/ 


k/(k+l) 


for  any  positive  integer  k  and  this  exceeds  the  estimate  (1.1) 
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Theorem  1.2  Let  a  >_  1  be  given.  Then  any  set  of  n  integers 

m  [1,  na]  contains  a  progression-free  subset  whose  cardinality 
is  at  least 

(1.3)  n1  2a  lo(3  2  /^log  n  -  3  log2/log  n. 


To  prove  Theorem  1.2  we  adapt  an  argument  of  Moser  [10], 
The  exponent  in  (1.3)  will  be  nearly  1  if  a  <_  (log  n)/f(n) 
where  f  (n)  <»  as  n  -*  <».  If  a  >_  c  log  n  the  estimate  (1.3)  is 

of  no  value,  but  we  assert 

Theorem  1 . 3  For  any  interval  at  least  as  large  as  [l,n  ]  and 
any  e  >  0,  almost  all  sets  of  n  integers  in  that  interval  con¬ 
tain  a  progression-free  subset  whose  cardinality  is  at  least 


n 


1  -  (3  /6  log  2  +  e) / / log  n 


provided  n  is  sufficiently  large. 

(By  almost  all  sets  we  mean  all  but 


m 

n 


of  the  sets, 


where  m  is  the  number  of  integers  in  the  interval.) 


Proof  of  Theorem  1.1  Let  S  be  a  set  of  n  real  numbers  from 
which  no  more  than  g  (n)  numbers  can  be  chosen  to  form  a  set 

X/ 

containing  no  £-term  arithmetic  progression,  and  let 
u  =  g  (n)  +  1.  Then  any  set  of  u  numbers  from  S  contains  an 

X/ 

£-term  arithmetic  progression.  It  follows  that  if  A  is  the 
number  of  £-term  progressions  in  S,  then 


(1.4) 


A 


/  n  - 

£1 

> 

n 

1  u  - 

£  1 

— 

u 

in  -  £  ] 

For,  given  an  £-term  progression  in  S,  there  are  lu  -  £/  sets 
of  u  elements  of  S  that  contain  that  progression,  and  if  (1.4) 
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were  false,  there  would  be  some  set  of  u  elements  of  S  that 

contained  no  £-term  progression.  Now,  A  does  not  exceed  the 

number  of  3-term  progressions  in  S,  and  these  number  less  than 
2 

n  /4.  For,  if  the  elements  of  S  are  x, <  x0  <  .  .  .  <  x  ,  then 

12  n ' 

the  middle  term  of  at  most  i-1  3-term  progressions  if 

i  <_  [(n+l)/2]  and  of  at  most  n-i  progressions  if  i  >  [(n+l)/2]. 

Hence  the  number  of  3-term  progressions  in  S  does  not  exceed 
2 

((n-l)/2)  if  n  is  odd  and  (n/2)  (n-2)/2  if  n  is  even. 

Hence  §-("  I  £]>("),  so  that 

4  u!  <«-»>«-!  (Uh 

~2  <  -  =  -  < 

n  ( u—  £ )  !  (n)u  (n) % 

and  the  theorem  follows. 

We  might  remark  that  a  simple  argument  yields  g^ (n)  > 

/2n/3.  Suppose  that  elements  from  a  set  S  of  n  reals  are 

chosen  one  at  a  time  under  the  single  restriction  that  the 

chosen  numbers  be  progression-free.  For  each  pair  chosen,  at 

most  three  other  elements  of  S  are  excluded  from  further 

choice,  so  that  after  k  numbers  have  been  chosen,  at  most 
k 

k  +  3(2)  elements  are  excluded  from  further  choice.  If  this 
is  less  than  n,  further  choices  can  be  made,  so  that  the 
number  k  of  elements  selected  can  be  at  least  large  enough 
that  k  +  3  (k)  >_  n,  whence  g^  (n)  >  /2n/3.  We  have  no  improve¬ 

ment  over  (1.2)  for  £  >  3.  It  may  be  that  an  estimate  similar 
to  (1.1)  holds  for  g  (n) . 

In  connection  with  the  estimation  of  A  in  the  above 
proof,  it  would  be  interesting  to  know  whether  a  set  of  reals 
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contains  the  largest  possible  number  of  £-term  progressions 
when  the  set  itself  is  an  arithmetic  progression.  The  argu¬ 
ment  above  indicates  that  this  is  so  in  the  case  i  =  3 . 

If  it  were  generally  true,  we  could  replace  n2/4  by  n2/2(£-l) 
in  the  proof. 

The  proof  of  Theorem  1.2  consists  mainly  of  the  follow¬ 
ing  lemma,  which  will  be  used  also  in  the  proof  of  Theorem 

1.3. 

Lemma  1 . 1  Let  b  >_  1 ,  and  let  n  and  w  be  positive  integers 

b  b 

with  w  _<  n  .  Then  any  set  of  w  integers  in  [1,  n  ]  contains 

a  progression-free  subset  of  cardinality  at  least 


w/22y/^2k  n)/log  2  +  3 


Proof  Consider  the  integers  written  in  the  binary  scale,  and 
the  digits  of  an  integer  grouped  into  blocks  as  follows: 
counting  from  the  right,  the  first  block  consists  of  the  first 
digit,  the  second  block  of  the  next  two  digits,  and  so  on,  the 
last  block  filled  out  with  zeros  if  it  is  incomplete.  For 
example,  101110111  is  grouped  (0101)  (110)  (11)  (1).  Define  the 
signature  of  an  integer*  to  be  the  sequence  of  first  digits 
(from  the  right)  of  its  blocks.  The  above  number  has  signa¬ 
ture  1, 0,1,1,  for  example.  Assume  that  [nb]  has  m  blocks,  so 


that 

(1.5) 


0l+2+. . .+ (m-1)  .  b  l+2+...+m 

y.  ^  xi  ^  z 


An  integer  r  in  [1,  n^]  has  a  unique  representation  of  the  form 


✓  m\  /in  1. 

=  r  2^2  +  r  2  '  2  '  +  . 

m  m-1 


(1.6) 


r 


.  .  +  . 2  +  r^ , 
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where  is  the  number  represented  by  the  digits  in  the  i-th 
block  of  r  if  such  exists  and  otherwise  r.  =0. 


1 

Define  the  modulus  of  r: 


M(r)  =  £  r2 . 

i=l  1 

Suppose  that  the  distinct  integers  r  and  s  in  [1,  nu] 
have  (I)  the  same  signature,  and  (II)  the  same  modulus.  (I) 
implies  that  the  representation  of  (r+s)/2  in  the  form  (1.6)  is 

m  r.+s^  (2) 

£  ■  1  2V  ,  r.  +  s.  being  even  for  i  =  1,  2,  ...,  m. 

•  i  ^  jL  1 

1=1 

Hence,  from  (II)  and  Schwarz's  inequality. 


1  m 

M((r+s)/2)  =  j{2  M(r)  +2  £  r.  s. } 

q  i=l 


r 

m  9  \ 

1/2 

1  m  9 ' 

1 

1/2 

2  M ( r)  +  2 

1 

£  r . 

1=1  1  1 

£  s . 

/ 

Equality  holds  here  only  if  r±  =  csi  for  some  c  >  0,  i  =  1,  2, 

...,  m,  but  then  (II)  would  imply  c  =  1.  Hence 


M ( (r  +  s)/2)  <  M(r)  . 

Therefore  a  set  of  integers  which  have  the  same  signature  and 
modulus  does  not  contain  the  mean  of  any  pair  of  its  elements, 
and  is  thus  progression-free. 

The  number  of  signatures  among  the  integers  1,  2,  ...,  [n  ] 


(a+i)  'lo  aoid-6ifi9e9iq97  eri:#  ;terii  esi;  q/nx 


-  '  V..  £>hb  (II)  mo^i  ,9  on  ell 


)j  (»'  <*  v  . 


. 


■ 
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is  at  most  2m,  and  the  number  of  moduli  is  less  than 
22m  +  2 2 (m-1)  +  .  .  .  +  22  =  4 ( 22m  -  l)/3. 

Hence  the  number  of  different  combinations  of  signatures  and 
moduli  corresponding  to  1,  2,  .  ..,  [n  ]  is  less  than 

2m  •  4  ( 2 2m_ i )  /3  <  2 3m  <  23m  +  1//2 

2 (3/2) /8b  lg  n  +  1  +  2 

(by  (1.5)) 

<  2 3/2b  lg  n  +  3 

y. . 

where  lg  =  log2 .  Hence  any  set  of  w  integers  in  [1,  nD] 

contains  at  least  w/23^2^  ^9  n  +  3  elements  having  the  same 
signature  and  modulus,  and  the  lemma  is  proved. 

Theorem  1.2  now  follows  by  taking  b=a  and  w=n. 

Before  proving  Theorem  1.3  we  require  three  more  lemmas. 

By  a  P-set  of  intervals  we  mean  a  set  of  intervals 

(1.7)  (u  +  (Xj  -  l)v,  u  +  Xj  v] ,  j  =  1,  2,  .  .  .,  m 

where  the  x^  form  a  progression-free  set  of  integers  and  u 
and  v  /  0  are  real  numbers .  Considering  the  upper  and  lower 
halves  of  these  intervals  to  be  likewise  half-open,  we  prove 


. 

' 


ano/ .^nidmoo  i  JcUn  m  9ii_l  aonaH 


-J  ti.cjfsj  i  i-  -o /!■>  :  /  i  !  .  m9iOb.n'i 


•-  1 1.  J  ^ixrips^  9w  c.l  ria'OOi-  '  piii.  ’o*iq  9ioi  >3 
'  -  re..-  -i  ■)  e  £  afo  »v;  :  •?  -  r  ■  to  Jv3-'. 


■ 


pr  li’Pi;.  oO  .a-  j  in  0  v;  v  fins 

. 

>f  ■3jv9?li:X  9c .  oJ  t'j  ’  x.  '  j  ■  v -  sri 
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Lemma  1 . 2  Given  a  P-set  of  intervals,  the  union  of  the  upper 
halves  contains  no  3-term  arithmetic  progression  with  terms  in 
different  intervals.  Similarly  for  the  lower  halves. 

Proof  Let  (1.7)  be  the  P-set  of  intervals.  We  can  take  u  =  0 
since  translation  does  not  affect  the  presence  of  arithmetic 
progressions  in  a  set.  One  easily  sees  that  the  intervals 


X.  =  (  (x .  -  i)v,  x.  v],  j  =  1,  2 
J  J  ^  J 


. ,  m 


contain  no  3-term  progression  with  terms  in  different  intervals. 
If  two  terms  of  a  progression  lie  in  one  interval  X  ^ ,  the  third 
term  cannot  lie  in  another  since  the  difference  of  the  first 
two  terms  is  less  than  the  distance  between  intervals.  If  the 


would  be  in  arithmetic  progression. 


and  x  . 


Xjl'  X  j  2  ' 


Lemma  1 . 3  If  a  set  of  numbers  has  elements  in  each  interval  of 
a  P-set  of  m  intervals,  then  it  contains  a  progression-free 
subset  of  at  least  [(m+l)/2]  elements. 

Lemma  1.3  is  obvious  from  Lemma  1.2. 

Lemma  1.4  Let  a  _>  3 .  Then  almost  all  sets  of  n  integers 

from  (0,  na]  have  elements  occurring  in  at  least  [n/3]  of  the 
3 

n  congruent  intervals 


(1.8) 


r 


ft  3  -«\  9.  3  9-i 

(  (n  -1)  n  ,  n  J  . 
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Proof  of  the 


r  ai 

[n  ] 
n 


combinations  of  n  integers  from 


(o,  n  ] ,  the  number  that  have  elements  appearing  in  exactly 
of  the  intervals  (1.8)  is  at  most 


3\  r-> 

n  L 

a- 3  J 
n  +1 

a-3 

n  +1 

a-3  ,\ 
n  +1 

j  j b^+ . . .+bj=n 

bl  1 

b2 

•  •  • 

b. 

f(j)  = 


where  the  sum  is  over  all  compositions  of  n  into  exactly  j 
parts.  If  b(k,  n)  is  the  number  of  these  combinations  having 
elements  in  fewer  than  k  intervals,  then 


,  ^  ^  r- f  \  o  a-3xn  ^  1  3j  Y  b,!b  '...b.! 

b  (k,n)  <_  E  f(3)  <  (2n  )  E  n  J  b  +.^.+b.=n  1  2  3 

3=1  3=1  1  3 

bi  >  0 


k-1 


<  ( 2na  3)n  l  n3j  jn/n ! 

j  =  l 

(by  the  multinomial  theorem) 


Hence 


a-3.n  3k  ,n+l 
<  (2n  )  n  k 


b ( [n/3] , n)  < 


2n  n(a_3)n  n11  (n/3)n+1 


n 


an-n 


a 

i 

r  ai 

[n  ] 

n 

=  o 

n  J 

i  n  i 

as  n  -*  00  . 


Proof  of  Theorem  1.3  Let  a  >_  3 ,  and  let  S  be  a  set  of  n 
integers  in  [1/  n^]  having  elements  in  at  least  [n/3]  of  the 
intervals  (1.8) .  By  Lemma  1.1,  with  b  =  3,  some 


9 rid  5o  ledmua  add  si  (n  %rf)d  51 

nedd  *xsw95  ni  sdnsmsle 


n=  d> . . .  -f  rd 


(n,3()d 


.  «  <*-  n  as 
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[n/3]/2  lg  n  +  3  of  these  [n/3]  intervals  form  a  P  -set  of 

intervals,  whence  by  Lemma  1.3,  S  contains  a  progression-free 
subset  of  cardinality  at  least 

_ [ n/ 3 3  >  nl-(3/6  lg  n  +  6)/  lg  n 

23/6  lg  n  +  4 

The  theorem  now  follows  from  Lemma  1.4 

We  conclude  this  section  with  some  calculations  of  g3(n) 
for  small  values  of  n.  By  definition, 

d-9)  g£  (n)  <_  r£  (n)  , 

and  the  values  of  these  quantities  for  £  =  3  and  n  =  1,2,..., 6 
are  shown  in  the  following  table: 

n  1  2  3  4  5  6 

r3(n)  1  2  2  3  4  4 

g3(n)  122334. 

The  cases  n  =  1,  2,  3  are  obvious.  Since  any  set  of  4  reals 
contains  3  elements  not  in  progression  ,g3  (4)  _>  3,  and  since 
any  4-element  subset  of  {0,  2,  3,  4,  6}  contains  a  3-term 
progression,  g3(5)  £  3.  Hence  g3(4)  =  g3(5)  =3.  We  now  show 
that  any  set  S  of  6  reals  contains  a  progression-free  subset 
of  4  elements,  so  that  g3(6)  =  4.  (It  is  obvious  that 
r3(6)  =  4,  and  that  the  other  values  of  r3(n)  shown  are  correct.) 


! ]  1 io  “  £\ ;  \n] 


>  +  n  e.r  .< 


livi 
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:tse  yns  3£f'i 
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With  no  loss  of  generality  we  can  let  the  2  least 
elements  of  S  be  0  and  1.  At  least  3  of  the  remaining 
elements  are  different  from  2;  let  these  be  a  <  b  <  c.  Since 
a  7*  2,  the  numbers  0,  1,  a  are  not  in  progression,  and  if 
x  ^  2  and  {0,  1,  a,  x}  contains  a  progression  then  either 
x  =  2a  -1  or  x  =  2a.  Hence  if  b  ^  2a  -  1,  2a,  then  {0,  1,  a,  b} 
is  progression-free,  and  similarly  for  c.  The  only  remaining 
possibility  is  that  b  =  2a  -  1,  c  =  2a,  so  that  S  contains 
0,  1,  a,  2a  -  1,  2a.  {Then  0,  1,  2a  -  1,  2a}  is  a  progression- 
free  subset  of  S,  for  2  is  not  in  this  set,  and  if  1,  2a  -  1,  2a 

were  in  progression  then  (2a  -  1)  -  1  =  2a  -  (2a  -  1) ,  or 

2a  -  1  =  2. 

As  we  see  in  the  table,  g^(5)  <  ^(5)  .  It  would  be  interest¬ 

ing  to  know  of  other  instances  of  strict  inequality  in  (1.9) . 

§1.3  A  related  geometrical  problem 

Consider  the  numbers  0,  1,  2,  ...,  £n-l  written  in  the 

scale  of  £,  and  regard  the  digits  of  each  number,  in  their 
natural  order,  as  the  coordinates  of  a  point  in  n— space.  These 
points  are  all  the  lattice  points  in  the  cube  0  <_  x±  .<_  £  -  1, 

i  =  ]_;  2,  ...,  n,  and  we  shall  call  this  set  of  £n  points  the 

£n  -  cube.  We  shall  call  a  set  of  £  collinear  points  in  the 
£n  -  cube  a  path,  and  let  M  (£,  n)  be  the  cardinality  of  the 
largest  path-free  subset  of  the  £n  -  cube. 

When  we  consider  (1.12)  below,  it  will  be  evident  that 
the  numbers  corresponding  to  the  points  of  a  path  form  an  £-term 


r:  i  9 X  do  9v;  >r  5  :■  C  or  ridxW 

1 


£  S )  nedd  noise 9-xpo^ q  n i  9-  i  i 


£>i»)  j  roxaesip 

•  £  »  I'  -  i  S 


■ 
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arithmetic  progression,  and  hence  r  (£n)  <_M(£,  n)  .  Therefore 

X/ 

if  M(£,n)  <  £n/k  for  some  n,  it  would  follow  that 
W(k,£)  <_  £n.  On  the  other  hand,  (1.1)  provides  a  lower  esti¬ 
mate  for  M(£,n) ,  and  our  object  in  this  section  is  to  find  a 
larger  estimate. 


Theorem  1.4  Let  £  >  3  and  e  >  0  be  given.  Then 


(1.10) 


M ( £ ,n) 


£-1 

n 

2 

r  „ 

0' 

(n-l)n  r0  (1  -  t) 


for  n  sufficiently  large,  where  rQ  =  [(n+l)/£]. 


The  cases  £=  1,  2  are  trivial  since  M(l,n)  =  0  and 
M(2,  n)  =  1.  For  purposes  of  comparison  with  (1.1)  we  shall 
show  that  (1.10)  implies 


(1.11) 


M ( £ ,n) 


£-1 

2 


n+1 


/n  ( £-1) 


for  n  sufficiently  large. 


Proof  of  Themorem  1.4  If  the  coordinates  of  the  £ 
of  a  path  are  (x^^  ,  x2^  '  *  *  •  '  xn  ^  '  1  =  1^ 


points 

2  ,  .  .  .  ,  £  , 


then  the  column  £-tuples 


xPV 

D 


j  — 1/2, . . . ,n 


are  among  the  following  £  +  2  columns : 


(  *A)  :<  kj  .  *  •  m  6  yci  Oj.2  >c  q  >j  ive, 


1  >V,'  ■  B  3  '/OTU  (  ...  )  ,  I  io  .  (i**)1 


(01. 1) 


(II.  I) 


.sp^Bl  ^I^nsxoi^lue 


■ 
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0 

1 

2 


5,-1 

£-2 

£-3 


0 

0 

0 


1 

1 

1 


2 

2 

2 


£-1 

£-1 

£-1 


(1.12) 


£-1 


0 


0 


£-1 


At  least  one  of  the  first  two  columns  must  be  included,  for 
otherwise  the  £  points:  would  be  all  the  same.  Therefore,  at 
least  one  of  the  endpoints  of  a  path  contains  more  zeros  among 
its  coordinates  than  does  any  of  the  intermediate  points. 

Hence  a  set  of  points  that  all  have  the  same  number  of  zeros 
among  their  coordinates  will  contain  no  path.  The  number  of 

points  of  the  £n-cube  each  having  exactly  r  zeros  among  its 


coordinates  is 


(£-l)n  r,  and  this  quantity  is  maximized 


for  r  =  r^.  This  would  yield  (1.10)  except  for  the  factor 
[ ( £—1 )  /2 ] .  This  factor  is  obtained  by  observing  that  for 
£  >_  5 ,  we  can  select  more  points  for  a  path-free  set  than  just  those 
having  r^  zeros.  In  fact,  for  each  i  =  0,  1,  .  .  .,  [ (£  —  3)/2]  , 
let  be  the  set  of  all  points  in  the  £n-cube  each  having 
exactly  rQ  i's  among  its  coordinates,  and  let  R*  be  the  set 
of  all  points  each  of  which  is  in  some  one  of  these  R^  but  not 
in  any  other.  We  show  that  R*  contains  no  path,  and  that  its 
cardinality  is  almost  the  sum  of  the  cardinalities  of  the  R^ . 


Among  the  columns  (1.12) ,  a  given  path  will  have  s  columns 
(0,  1,  ...,  £-1)'  and  t  columns  (£-1,  £-2,  ...,  0) '  for 

some  non-negative  integers  s  and  t  satifying  0<s+t<_£- 
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We  indicate  these  columns  on  the  left  in  Table  1.  Write 
m  =  [(£-3)/2],  On  the  right  in  the  table  are  the  frequencies 
with  which  O,  1,  .  ..,  m  occur  among  the  coordinates  of  the 
£  successive  points  of  the  path.  In  Table  1  we  assume  that 
£  is  even.  If  £  is  odd  there  will  be  one  row 

m+  2,  m  +  1,  m+  1;  y^,  y  . . . ,  ym  in  the  centre  of  the  table. 

TABLE  1. 


point 

# 

s 

columns 

t 

columns 

Frequency  of 
0  1 

occurrence 

2  .  . 

Of 

.  m 

1 

0 

£-1 

Yo+s 

yl 

y2 

• 

•  y 

2 

• 

1 

• 

£-2 

• 

yo 

• 

y1+s 

• 

y2 

• 

• 

•  y 

^m 

• 

• 

• 

m+1 

• 

• 

m 

• 

• 

m+3 

• 

• 

y0 

• 

• 

yl 

• 

• 

y2 

• 

• 

• 

y™+s 

.  m 

m+2 

m+1 

m+2 

yo 

yl 

y2 

• 

•  y 

m+3 

m+2 

m+1 

Yo 

yl 

y2 

• 

•  y 

m+4 

m+3 

m 

yo 

yl 

y2 

• 

•  ym+t 

m 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

• 

i— 1 

1 

£-2 

1 

yo 

-p 

+ 

1 — 1 
>1 

y2 

• 

•  y 

^m 

£ 

£-1 

0 

yo+t 

yl 

y2 

• 

•  y 

.  X  aldsT  ni  i  'sl  9riJ  no  srtni/Ioo  9S9;Id  edfoxfonx  9W 


*  m 


to  i'j  >03  ei 
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For  each  point  of  the  path  lying  in  R* ,  the  corresponding 
row  of  the  table  contains  exactly  one  frequency  r^.  If 
the  (m+2 ) -th  point  lies  in  R* ,  then  y^  =  r^  for  some  i  and 
Yj  ^  r0  for  3  ^  i-  Therefore,  since  s  +  t  >  0,  either 
there  is  no  rQ  in  the  (i+l)-th  row  of  the  table  or  there  is 
no  r^  in  the  (£-i)-th  row.  Hence  in  any  path  either  the 
(m+2)  -  th  point  lies  outside  R*  or  some  other  point  does. 

Denoting  the  cardinality  of  a  set  S  by  | S | ,  we  have 

for  any  i,  j  =  0,  1,  ...,  m,  i  ^ j , 

I  R- 

1  i 

and 

(1.13)  |  R*  |  >_  (m+1)  |  Ri  |  -  2 

For,  a  point  that  lies  in  h  of  the  m+1  sets  R.  is  counted 

l 

the  following  number  of  times  on  the  right  side  of  (1.13): 

h  -  2  (5j)  =  1  -  (h-1) 2  =  1  if  h  =  1  , 

<_  0  if  h  >  1 . 

If  in  (1.13)  we  included  all  of  the  m+1  terms  that  we 

might,  the  final  result  would  not  be  affected  since  for  large 
n  each  term  after  the  first  is  negligible  compared  to  the 
one  preceding.  We  show  that  the  second  term  is  negligible 
compared  to  the  first. 


m+1 

2 


r.  n  r. 
i  j 


n 

r 


01 


u- Dn  r 0 , 


R.  n  Rj 


n!  ( i-2) n  2r0, 

(n-2rQ) !  (rQ ! ) 2 


'i:r.03  '  f  ,  ,.7£  rri:',  t  Lsq  s  a  do  drioq  do6  9  io1! 

n 9 <  1  _  , ai  ssil  dnx  oq  srfd 

‘  do  /o*.  rfd-(Idx)  9rid  n  xt  or:  ei  s:i9fid 
e  f  i .  e  r  r  i  >  3:  r-  .  roi  rf.  (  r  i.  on 

©ffioa  jo  si  adi/o  ssil  tnxoq 

dsa  6  10  y nr .0  3rid* ,  pnxdoasG 
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It  is  well  known  (see  Robbins  [16] )  that  for  all 
positive  integers  h, 


(1.14)  el/(12h+l)  <  _ hi 

yJTh  (h/e) h 

The  right  side  of  (1.13)  can  be  written 


r 

(m+1) 

'  n  ’ 

()l-l)n_r0  < 

1  -  m 

i 

o 

roj 

■ 

ro 

and  we  apply  (1.14)  and  the  inequalities 


<  el/d2h). 


U-2)n  2r0 

(£-l)n“r0 


(1.15)  (n+2)/£  1  <_  rQ  <_  (n+l)/£ 


to  show  that 


(1.16) 


n-r 


0 


0 


(£-2)n  2r0 

( £-1 ) n~r 0 


=  0 


L 

/n 


(n  -*  °°) 


By  (1.14)  ,  since  exp{l/ (12 (n-rQ) ) -1/ (12 (n-2rQ) +1) -1/ (12rQ+l) }  <  1, 
the  left  side  of  (1.16)  is  less  than 


n-r 


0 


2n (n~2ro ) rQ 


1/2 


,  >n-rn 
(n-rQ)  0 


,  n  ,n-2rn  rA 
(n-2r  )  0  r„  0 

0  0 


U-2)n~2r0 

U-l)n_r0 


(note  that  r^  >  0  for  n  >_  £-1)  .  Applying  (1.15)  we  find  that 


this  quantity  is  less  than 


. 


9'  - 


(£  '  •!) 

"V  X 


__ 

- 

' 

I'hJJ  s-i9.  8 1  v$J  Jiifitfp  exrii 

i 
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£ (£-1) 


2  Tin  (  £-2  ) 


1/2 


_ U  +  (£-2)/(n(£-l)  )  }n  r0  +  1/2 

(l-2/(n(i-2| ) }n_2r0+1/2  {l-(£-2)  /n}r0+1/2 


and  then  that  the  second  factor  here  is  less  than  e  provided 
n  is  large  enough.  Thus  (1.16)  follows. 

Hence,  if  given  e  >  0,  we  can  obtain  for  sufficiently 
large  n, 


1 R*  1 

>_  (m+1) 

n 

ro, 

U-l)n  r0  (1-e)  , 


and  Theorem  1.4  follows. 

To  prove  (1.11)  we  again  use  (1.14)  and  (1.15)  and  find  that 


n 

r 


0 


U-l)n-r0> 


n+1  ex^){  1/  (12n+l)  -1/(12  (n-rQ)  )  -1/  (12rQ)  } 

/  2  im  (  £-1 )  *  {l+(£-2)/(n(£-l))  }n_r0+1/2 { 1+1/n }r0  +  1/2 


h  x 

Now,  since  for  positive  h  and  x,  (1  +  x/h)  <  e  ,  the  second 
factor  on  the  right  exceeds 


exp¬ 


CN 

1 

<=>? 

1 

i — 1 

1 

i — 1 

1 

i — 1 

ro~1/2] 

r0+1/2i 

[l2n+l  12(n-rQ)  12rg  £-1 

\  n  1 

■  / 

n 

j 

and  by  (1.15)  this  can  be  shown  to  exceed 


exp 


1 

i — 1 

i — 1 

i 

i*=> 

i 

tsj 

3 

2 

£ 

n 

2 

£  , 

+  i  +  i 


£ 


i _ + _ - 


12  1-1-1/n  '  1-  ( £-2 )  /n  £+£/(12n)J 


This  in  turn  exceeds  e  2//2  if  n  >  max{2(£-2),  (£+8)/2>. 


■ 


■ 
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<J>*0  ^  l*a, 
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Hence  for  sufficiently  large  n, 


£ 


n+1 


1  —  £ 

e3/2  * 


M  (  £,  n )  > 


.  2  J  /2im(£-l) 


Finally,  choosing  e  <  l-l//e  yields  (1.11)  for  sufficiently 
large  n. 

Recalling  Szekeres's  conjecture  that  r  (n)  =  o(n)  , 
one  might  correspondingly  conjecture  that  M(£,n)  =  o(£n)  as 

n  -*  00 .  However,  the  only  upper  estimate  we  have  for  M(£,n) 
is  the  rather  trivial 

(1.17)  M(£,n)  <_  £n_1(£-l)  . 

.  2 
To  prove  this  we  first  observe  that  M(£,2)  =  £  -  £. 

For,  in  a  square  lattice,  it  is  necessary  to  remove  at  least 

one  point  from  each  horizontal  and  vertical  path,  and  removing 

£  diagonal  points  suffices,  to  obtain  a  set  free  of  paths. 

(If  £  is  even,  the  points  removed  cannot  all  be  from  the  same 

diagonal.)  Since  an  £  -cube  consists  of  £  disjoint  £x  -cubes, 


M(£,n)  <  £  M(£,n-1) 


and  (1.17)  follows. 

In  Theorem  1.4  we  considered  £  fixed.  On  the  other  hand, 
fixing  n,  we  have 


(1.18) 


M ( £ , n)  ^  £ 


n 


(  £-*-°°)  . 


(n,A  ) M 


i  o;  •:  hfi  V  t  il  Ot  -  til  -$"1  :  >'£  ■••:  IX 


->  ztea  6  r.x'c^  oJ  ,  ^  >d.l  j  ti;&  2  yq  in  *opc 


/■*# 

( . iBnopsib 

. 

<n,l)M 


,  f  -  •awollo^  (TI.I)  brus 


b1..-  ■  )  .  /  i  i  -1  •  ' 
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For,  since  there  are  no  £  collinear  points  in  the 
( £-1) n-cube ,  M(£,n)  >  (£-l)n.  Hence  from  (1.17), 


implying  (1.18)  . 


£-1 


n 


M ( £ , n) 


£ 


n 


£-1 


£ 


r 


■ 


■ 
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CHAPTER  II 


SETS  OF  INTEGERS  CONTAINING  NO  n 
TERMS  IN  GEOMETRIC  PROGRESSION 


§2.1  Introduction 

In  addition  to  proving  the  estimate  (1.1),  R.  A.  Rankin 
in  the  same  paper  [14]  considered  the  problem  of  finding,  for 
each  integer  n  >_  3 ,  a  sequence  of  positive  integers  contain¬ 
ing  no  n-term  geometric  progression.  He  constructed  such 
sets  having  asymptotic  density 


n 


n 


C {  ( 2n-3 )  } 


?(n-l)  k=l  (n-1) (2n-3)^} 


For  example,  A^  =?  .  71975  ,  A^  =  .  8626  ,  and  A^  -*  1  as  n  -* 
The  progressions  under  consideration  have  the  form 


k,  kr, 


.  ,  kr 


n-1 


where  k  is  a  positive  integer  and  r  is  a  positive  rational 
such  that  kr11  is  integral.  Note  that  the  set  of  all 

positive  integers  not  divisible  by  the  (n-1)  -  th  power  of 
any  prime  is  free  of  such  progressions  and  has  density 
1/C  (n-1),  and  that  Rankin's  set  Bn  has  a  higher  density.  Bn 
is  the  set  of  all  integers  N  of  the  form 

°°  a . 

n  =  n  p.  1 
i=l 

where  p^  is  the  i-th  prime  and  a^  e  C^  for  i=l,2,...  ,  C^ 


ITU.  '  £>ii:  50  15  81909:)  X  t  -  ±0  JOZ 


n 


bnt.  9/niiq  rU-i  srti  ax  iq  •’•riw 
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being  the  set  of  all  non-negative  integers  which,  when  expressed 
in  the  scale  of  2n-3,  contain  no  digit  greater  than  n-2 . 
contains  no  n-term  arithmetic  progression,  and  it  is  easily  seen 
that  this  implies  that  Bn  contains  no  n-term  geometric  pro¬ 
gression.  Rankin  wondered  whether  A^  is  the  largest  density 
possible  for  a  set  free  of  n-term  geometric  progressions,  but 
mentioned  no  upper  bound  for  the  possible  density. 

In  this  chapter  we  shall  let  H(n)  ,  for  n  >_  3 ,  denote  the 
class  of  all  sequences  of  positive  integers  that  contain  no  n-term 
geometric  progression.  In  §2.2  we  shall  construct,  for  each 
n  >_  4 ,  a  member  of  H(n)  with  density  exceeding  A^.  In  fact, 
for  each  n  >_  4  there  are  several  such  members  of  H(n)  .  We 
find  no  member  of  H(3)  whose  density  exceeds  A^ .  In  §2.3  we 
shall  find  an  upper  estimate  for  the  possible  density  of  members 
of  H(n)  for  each  n  >_  3 .  A  table  comparing  some  few  of  the 
densities  we  obtain  with  the  corresponding  upper  estimates  is 
provided  at  the  end  of  §2.3. 

We  remark  that,  if  we  considered  this  problem  for  n=2, 
no  member  of  H(2)  would  contain  more  than  one  element  since 
any  two  positive  integers  are  in  geometric  progression.  If  we 
were  to  consider  only  geometric  progressions  with  integral 
common  ratio,  we  would  have  infinite  sets  free  of  2— term  pro¬ 
gressions,  for  example,  the  set  of  primes.  The  question  arises 
whether  there  is  such  a  set  with  positive  density.  This  is  more 
than  answered,  in  the  negative,  by  Davenport  and  Erdos  [5]  who 
prove  that  any  sequence  {b^}  with  positive  lower  density  con- 


-o*q  mnsl-n  o a  anxs^noo  a  JBtU  89  qml  2.; 


» 


c?  *c.  x  a  -i  d  3  b  )i  ivoia 


io5  Isidore  aj  ~;  os  isb.  noo  9V  u  .1*  ^  T~  sW 

' 

ix :  io  J3d  e,  j  *  -  c.  r  -  ^ip 


-22- 


tains  a  subsequence  {b.  }  such  that  b.  lb. 

Xk  xk  1k+l 

For  any  real  x  and  set  Q  of  positive  integers  we  let 
Q(x)  denote  the  number  of  elements  of  Q  that  do  not  exceed 
x.  If  Q  has  asymptotic  density,  we  shall  denote  it  by  D(Q) 

that  is,  D(Q)  =  lim  Q(x)/x  provided  this  limit  exists. 

x+°° 

If  E  is  a  set  of  non-negative  integers,  we  shall  write 

00  a . 

Q (E)  =  {N  I  N  =  n  p.  1,  a.  e  E  for  i=l,2,...} 

i=l  1  1 

and  call  Q(E)  the  set  of  integers  developed  from  the  exponent 
choice  set  E.  For  example  Q({0,1})  is  the  set  of  square- 
free  numbers.  We  shall  simplify  the  notation  by  writing 
Q({a,b,...})  =  Q(a,b,...).  If  0  E  then  Q(E)  is  empty, 
and  we  shall  assume  hereafter  that  any  exponent  choice  set 
contains  0. 

Before  proceeding  with  our  results  we  would  like  to  remark 
on  the  considerations  which  led  us  to  find  denser  members  of 
H(n).  For  n=4 ,  for  example,  Rankin's  exponent  choice  set  is 

C  ^ :  0,  1,  2,  5,  6,  7,  10,  11,  12,  25,...  . 

Since  there  are  few  integers  divisible  by  high  powers  of  a 
prime,  it  seemed  that  we  might  obtain  a  denser  sequence  than 
q (C^ )  by  using  a  finite  exponent  choice  set  containing  some 
smaller  integers,  and  we  observed  that  the  set  E={ 0 , 1 , 2 , 4 , 5 } 


. 


■ 


j  3  *ji  j  •  b  sse  io  sw  bn*  v 
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contains  no  4-term  arithmetic  progression.  A  check  of  factor 
tables  showed  that  Q(E)  has  91  elements  below  100  while 
Q(C^)  has  only  88.  Similar  favorable  comparisons  for  the  res¬ 
pective  numbers  of  elements  below  200,  300,  400,  and  500  led 
us  to  compute  D (Q (E) ) ,  finding  it  exceeded  .88796  >  A^ . 
Roughly,  it  seems  that  the  more  small  numbers  in  the  exponent 
choice  set  the  better.  We  find  no  improvement  over  A^  because 
we  cannot  use  the  rule  implied  here  on  the  set 

C3:  0,  1,  3,  4,  9,  10,  12,  13,  27,  ...  . 

§2.2  Members  of  H(n)  with  density  exceeding  An 

For  each  n  >_  4  we  shall  find  an  exponent  choice  set 
E^  containing  no  n-term  arithmetic  progression  and  such  that 

D  (Q  (E  )  )  >  A  =  D  (Q  (C  )  )  . 

n  n  n 

In  fact,  these  sets  E  will  be  used  in  proving  the  following 

n 

theorem. 

Theorem  2 . 1  (i)  If  n  is  prime,  there  exists  Q  e  H(n) 

such  that 

°(Q)  ~  £ (n-1)  c { (n-1) n } 


(ii)  if  n  is  odd  and  composite,  there  exists  Q  e  H(n)  such  that 


--  X 

f:Djja  bne  noxsasu 


.msxo  etil 
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1  _  1 
C (hn-1)  c (hn-h) 

where  h  is  the  smallest  prime  divisor  of  n. 

(iii)  If  n  is  even,  there  exists  Q  e  H(n)  such  that 

1  1 

C  (2n-l)  c(2n-2)  * 

(iv)  There  exists  Q  e  H(4)  such  that 

(2.4)  D(Q)  >  .8952. 

The  estimate  (2.4)  is  somewhat  larger  than  that  provided 
by  (2.3)  with  n=4  .  We  shall  defer  the  proof  that  the  res¬ 
pective  densities  exceed  An  to  §2.21.  We  first  prove  part 
(iv)  of  the  theorem. 

Proof  of  (iv)  The  set 

E4' :  0,  1,  2,  4,  5,  7,  8,  9 

contains  no  4-term  arithmetic  progression.  We  shall  compute 
a  lower  estimate  for  D(Q(E^  )) .  The  set  Q(E^  )  omits  the 
positive  integer  m  if  and  only  if  there  is  a  prime  p  such 
that 

3,  n  4,  6,  7 1  10, 

p  m  and  p  +  m,  or  p  |m  and  p  fm,  or  p  |  m. 


(2.3) 


D(Q) 


C  (n) 


C (n-1) C ( 2n) 


(2.2) 


D(Q) 


?(n) 


C (n-1)  c(hn) 


(n; 


ll-ni); 


_  -  <  (0)a 

oTl  3  U  "  •  /  5 
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Given  a  prime  p,  the  number  of  such  m  not  exceeding  x  is 


K(x,p)  =  [x/p3]  -  [x/p4]  +  [x/p6]  -  [x/p7]  +  [x/p10] 


and  the  density  of  the  set  of  such  numbers  m  is 


K 


(p)  =  Um  KOLl£!  _  1  _ 

..  .  ..  X  v 


1  +  1 


3  4  1  6  7 

P  P  P  P 


1  +  1 


10 


By  the  principle  of  inclusion  and  exclusion, 


(2.5)  D(Q(E4  )) 


=  1-Zk(p)+  Y 


K(p)+  K(p)  K  (q) 

p  p<q 


-  Y  K(p)K(q)K(r)  +  ...  , 

p<q<r 


where  the  sums  are  respectively  over  all  the  tuples 

(p)  ,  (p , q) ,  (p,q,r) ,  ...  of  primes  satisfying  the  indicated 

inequalities.  Since  ZK<P)  <E  i/p3  <  1, 

p  p 

Y  <K(p)  K(q)  K  (r )  .  .  . )  <Z^K(p)  .  Y 


p<q<r  . .  . 
(j  primes) 


K(p)  .  (K(q)  K  (r )  .  .  .) 

p  q<r< . . . 

( j  — 1  primes) 


<  i 


(K(q)  K(r) . 

q<r< . . . 

( j  — 1  primes) 


..)  , 


and  the  terms  of  the  alternating  series  (2.5)  decrease  in  abso 
lute  value.  Hence  the  series  converges  and  we  can  obtain  a 
lower  estimate  for  (2.5)  by  using  the  first  four  terms.  We 


. 


s  +(q)X  -X  »  ((  3)Q)a  <e.S) 


(p)  I  (q);  +(q)>« 
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show  this  computation  in  the  appendix,  obtaining 


D(Q(E4  )  >  .8952. 


Before  proceeding  with  the  remaining  parts  of  the  theorem  we 
prove  a  lemma.  If  E  is  any  exponent  choice  set,  we  can 
define  a  quantity  KE(p)  corresponding  to  K(p)  above,  and 
if  E  contains  1,  the  series  corresponding  to  (2.5)  con¬ 
verges.  Hence,  for  any  exponent  choice  set  E  containing  1, 


D  (Q  (E)  ) 

exists  and  is 

the  sum  of 

this  series. 

If  1 

i  e. 

then  E 

P 

K£(p)  diverges,  for  the 

first  term  of 

ke(p) 

is 

l/p; 

however , 

in  this  case 

D(Q(E))  = 

0  (see  remark 

#1 

in 

§2.22) 

We  thus 

have 

Lemma  2 . 

1  If 

E  is 

any  exponent  choice  set, 

then 

D(Q(E)  ) 

exists . 

Proof  of 

(i)  If  n 

is  prime, 

then  the  set 

0 

,  1 ,  2 ,  . 

.  .  ,  n-2. 

n, 

n+1 , 

n+2  , 

.  .  ,  2n-2, 

E  : 

2n , 

2n+l , 

2n+2  , 

.  .  ,  3n-2, 

n 


(n-2 ) n ,  (n-2 ) n+1 ,  (n-2 ) n+2 , . . . , (n-1) n-2 


contains  no  n-term  arithmetic  progression.  For  if  En  contained 
such  progressions,  one  of  them  would  have  its  first  term  among 

and  all  of  them  would  have  common  difference 


0,  1, 


.  .  •  , 


n-2  , 
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less  than  n.  However,  if  0<_a<_n-2  and  1  <_  d  <_  n  -  1, 
some  term  of  the  progression 

a,  a  +  d,  a  +  2d,  .  .  .  ,  a  +  (n-l)d 

is  congruent  to  -1  modulo  n  and  hence  is  not  in  .  This 

is  because  (d,  n)  =  1,  whence  0,  d,  2d,  ...,  (n-l)d  form  a 
complete  residue  system  modulo  n. 

Now,  with  s  =  a+it  (a,t  real), 


E 

N  e  Q(E  ) 
n 


n 

P 


l 

as 

P 


n  i  -  i/P(n-1)s 

p  1  -  l/ps 


1 


l/p(n-1)ns 

1  "  l/pnS 


(2.6)  =  c(s)  C(ns) _  . 

£{  (n-1) s}  (n-1) ns} 

We  now  employ  the  following  lemma  (see  Ayoub  [1,  pp.  86-87]  , 
Theorem  6.12)  : 

Y  a  (N) 

00  1 

,  v  f*  a(N)  ,  ,  .  N<x 

Lemma  2.2  If  f(s)  =  )_,  ~ and  lim  -  =  A' 

N=1  N  x 

then 


=  A  . 


(2.7) 


lim  ( s - 1 )  f  ( s ) 
s+l 


1  ..  >v  '(  1  ,i i  rioi  J  aol 


oj  in^jLfipnoo  jx 


oil  jO  t  u»r;5iaai  >:? :  .  q;aoo 


N 


,  A  = 


-28- 


Defining 


we  have 


1  if  N  £  Q (E  ) 
a(N)  =  <  n 

0  otherwise, 


E 


NeQ  (E  )  N* 
n 


=  Z  a(N) 


N=1  N‘ 


and  with  Q  =  Q(En), 


Q(x)  =  Z  a  (N) 
N<x 


Lemma  2.1  assures  us  that  D (Q (E  ))  =  lim  Q(x)/x  exists,  and 

n 

x+°° 

by  Lemma  2.2  we  can  find  this  limit  from  (2.7).  It  is  the 
residue  of  (2.6)  at  the  simple  pole  s=l.  Thus 

D(Q(E  ))  =  - -  ' 

n  C(n-l)  c ( (n-1) n } 

and  hence  part  (i)  of  theorem  2.1. 

Note  that  we  could  adjoin  integers  to  the  above  set  E  , 
still  maintaining  the  property  of  being  free  of  n-term  pro¬ 
gressions,  and  hence  obtain  a  still  denser  member  of  H(n). 
However,  it  is  not  clear  whether  one  could  express  the  density 
of  any  such  enlarged  set  in  a  convenient  form.  In  any  case  the 
density  would  be  increased  by  only  a  very  small  amount.  A 


. 
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similar  situation  obtains  in  parts  (ii)  and  (iii)  of  the 

theorem.  We  could,  of  course,  express  the  density  in  a 

series  of  the  form  (2.5),  but  it  requires  a  lengthy  calculation 

to  obtain  estimates  from  such  series,  and  it  is  impossible  to 

compare  the  series  in  general  with  A  . 

n 

Proof  of  (ii)  Suppose  that  n  is  odd  and  composite,  and 
that  h  is  the  smallest  prime  division  of  n.  We  shall  show 
that  the  set 

0,1,2,  .  .  .  ,  n-2 , 

n,  n+1,  n+2 ,  .  .  .  ,  2n-2, 

En:  2n ,  2n+l ,  2n+2 ,  .  .  .  ,  3n-2, 

(h-2)n,  (h-2)n+l,  (h-2)n+2,  ...  ,  (h-l)n-2, 

(h-l)n,  (h-l)n+l,  (h-l)n+2,  ...  ,  hn-h-1 

contains  no  n-term  arithmetic  progression.  Consider  any  progres¬ 
sion  with  first  term  a  and  common  difference  d  such  that 

0<_a<a  +  d<a  +  2d<  .  .  .  <a  +  (n-l)d  <_  h(n-l)-l  . 

Evidently  d  <  h.  Hence  (d,n)  =  1.  Therefore  a,  a+d,  ...  , 

a  +  (n-l)d  form  a  complete  residue  system  modulo  n,  whence 
this  progression  contains  one  of  n-1,  2n-l,  ...  ,  (h-l)n-l, 

and  is  not  contained  in  E^  . 

We  cannot  include  the  numbers  hn-h,  hn-h+1,  ...  ,  hn-2 

in  E  since  each  of  these  is  the  n-th  term  of  an  arithmetic 
n 


<*>  sldiaaoqmi  el  31  bah  .aaiwa  mor  asiwnxdaa  nix  idc  oi 


•  f  i;  *  edjlqaeo  e  no 
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progression  having  difference  h  and  first  n-1  terms  in 
E  .  If  we  ended  the  exponent  choice  set  at  (h-l)n-2,  we 
would  develop  from  it  a  member  of  H(n)  with  density 
5(n)/(s(n-l)  e{(h-l)n}),  but  since  the  right  side  of  (2.2) 
exceeds  this,  we  use  as  our  exponent  choice  set.  (See 

(2.15)  for  a  proof  that  (2.2)  is  larger.  The  difference  is 
indeed  small,  and  even  for  the  first  case,  with  n=9  and 
h=3,  the  difference  does  not  affect  the  fifth  decimal  place. 
However,  the  method  we  develop  to  obtain  (2.2)  will  be 
necessary  in  the  proof  of  part  (iii)  also.) 

Using  Lemma  2.2  we  find  that 

(2.8)  D(Q(En(j  {h  -h,  hn-h+1,  ...  ,  hn-2})) 

=  C  (n)  /  (e  (n-1)  z,  (hn)  )  . 

However,  we  must  now  make  allowance  for  the  necessary  exclusion 
of  hn-h,  hn-h+1,  ...,  hn-2. 

Given  any  exponent  choice  set  E  and  set  of  positive 

integers  F,  we  shall  denote  by  Q(E  &  F)  the  set  of  integers 

\ 

developed  from  the  exponent  choice  set  E  (J  F  with  always  at 
least  one  element  from  each  of  E  and  F  included  among  the 
exponents  chosen  (we  always  include  the  0  from  E) .  Then 

(2.9)  Q(E)  U  Q(E  &  F)  =  Q(E  U  F)  . 


Now,  by  Lemma  2.1, 


D (Q (E) )  and  D(Q(EU  F) )  exist.  Therefore 


-»  -r- 
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since  the  sets  on  the  left  side  of  (2.9)  are  disjoint, 
D (Q (E&F) )  exists  and 


(2.10) 


D(Q(E))  +  D (Q (E&F) )  =  D (Q (EUF) ) . 


Now  by  (2.10)  we  have 


D(Q(En) ) 


D  (Q  (En  (J  (hn-h,  hn-h+1,  ...  ,  hn-2})) 


(2.11) 


-  D (Q (E  &  (hn-h,  hn-h+1, 
n 


•  •  •  r 


hn-2 } ) ) . 


Furthermore , 

Q(En  & {hn-h ,  hn-h+1,...,  hn-2})  C  Q ( { 0 , 1 , 2 , .  .  .  ,  hn-h-1}  & 

{hn-h,  hn-h+1,  ...  ,  hn-2}) 

=  Q(0, 1,2,..., hn-2 ) -Q (0 , 1 , 2 , . . . , hn-h-1 ) , 

where  we  have  applied  (2.9)  again.  Hence 

D(Q(En  &  {hn-h,  hn-h+1 ,...  ,hn-2  })  )  <_  D  (Q  ( 0 , 1 , 2  ,  .  .  .  ,  hn-2)) 


-  D (Q ( 0 , 1 , 2 ,  ...  ,  hn-h-1)) 


=  1/  £ (hn-1)  -  1/  £ (hn-h) . 


Thence  from  (2.8)  and  (2.11), 


D  (Q  (En)  )  >_  S(n)/U(n-1)  5  (hn)  )  -  [1/  C(hn-l)  -  1/  c  (hn-h)  ] 


J 


(XX.  £) 


,...,£,1.01)0  3  (  S-r  '  •  ••  +r  nd  3 


(S.S)  boiJ.  jqs  &  fi  3' 


■ 
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and  part  (ii)  of  Theorem  2.1  follows. 

Proof  of  (iii)  if  n  is  even,  the  set 

•  Of  1,  2,  ...,  n— 2  ,  n ,  n+1 ,  n+2 ,  . . . ,  2n— 3 
contains  no  n-term  arithmetic  progression.  Now, 

°(Q(En  U  { 2n-2  } )  )  =  c(n)/(c(n-l)  c(2n)), 

but  (j  {2n-2}  contains  the  progression  0,2,4,  ...,  2n-2. 

By  an  argument  like  that  in  part  (ii)  above,  using  (2.9)  and 
(2.10),  we  find  that 

D(Q(En))  >  c(n)/U(n-l)  C  (2n)  )  -  [1/  U2n-1)  -1/  c(2n-2)] 
and  hence  part  (iii)  of  the  theorem. 

The  proof  of  Theorem  2.1  is  now  complete. 

A  still  denser  member  of  H(n)  can  be  found  in  the  case 
that  n  is  even.  Let  £  be  the  smallest  prime  divisor  of 
n-1.  Then  the  set 

E^  =  (0,1,2,  ...,  £  (n-1)  }  -  (n-1,  2  (n-1)  ,  3 (n-1)  ,...,( £-1)  (n-1)  } 

contains  no  n-term  arithmetic  progression.  For,  consider  any 
progression  with  first  term  a  and  common  difference  d  such 


that 


' 


<  -is:}  v  a>o)a 


.meiosrii  srii  (xix)  sonari  bne 
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(2.12)  0<_a<a  +  d<a+2d<.  .  .  <a  +  (n-l)d  <_£(n-l)  . 

Clearly  d  <_  £.  We  shall  show  that  one  of  the  terms  of  this 
progression  is  among  the  first  l-l  multiples  of  n-1  and 

I 

hence  is  not  in  E  .  There  are  two  cases: 

n 

Case  that  (d,  n-1)  >  1  Then  d=£,  since  1  <  d  <_  £  and  £  is 
the  smallest  prime  divisor  of  n-1.  Hence,  by  (2.12),  a=0. 

Therefore,  the  progression  in  (2.12)  is  0,  £,  2£,...,  (n-1) £ 

,  ,  n-1  .  i  =  n-1. 

and  contains  — : — 

£ 

Case  that  (d,  n-1)  =  1  Then  d  <  £.  One  term  of 
a  +  d,  a  +  2d,  .  .  .  ,  a  +  (n-1)  d  is  a  multiple  of  n-1 

since  d,  2d,  .  .  .,  (n-l)d  form  a  complete  residue  system 

modulo  n-1.  Since  that  term  cannot  be  0  ,  it  does  not  lie 

f 

in  E  unless  it  is  £(n-l).  But  if  that  were  so,  then  a 
n 

would  be  among  n-1,  2  (n-1)  ,  .  .  .  ,  (£-1)  (n-1).  For  (2._2) 

would  require  a  +  (n-l)d  =  I (n-1) ,  whence  (n— 1)  a,  and 
since  d  <  £,  a  ^  0. 

Unfortunately,  we  are  unable  to  use  the  simpler  method 
(Lemma  2.2)  to  find  D(Q(En')).  Consider  for  example  the  case 
n  =  4  where 

E,  =  {0,  1,  2,  4,  5}  and  E,  =  { 0 ,  1,  2,  4,  5,  7,  8,  9  ; . 

We  find  a  lower  estimate  for  D(Q(E4>)  in  the  proof  of  part  (iii) 
of  Theorem  2.1  by  applying  Lemma  2.2  to 


J39B6 3  or  3  ail  a  at*  .  /  ■>  *=«  i  i  *onai 
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Z 


1/  N  =  c(s)  c(4s)/(c(3s)  ^ (8s) ) .  This  yields 


N  e  Q(E4  U  (6}) 

D(Q(E4  u  {6}))  =  C(4)/(c(3)  s(8))  and  we  can  make  an  adjust¬ 

ment  for  the  extra  element  6  by  using  (2.9)  and  (2.10). 
However,  we  have  been  unable  to  carry  out  this  procedure  with 

i 

E4  ,  where  the  Dirichlet  series  we  would  have  to  consider  would 
be 

(2.13)  Z  1/N 

n  e  Q(E) 


with  E  a  suitable  exponent  choice  set.  In  fact,  to  enable  us 
to  use  Lemma  2.2  to  obtain  a  better  result  than  E4  allows,  E 
would  require  properties  such  that: 

i 

1.  E  contains  E4  ,  or  {0,  1,  2,  4,  5,  7,  8},  or  at  least 
{0,  1,  2,  4,  5,  7}.  (It  would  seem  that  to  replace  any  of 

1.  2,  4,  5,  by  any  quantity  of  larger  numbers  would  result  in 

a  set  E  with  D (Q (E) )  <  D(Q(E4)).  Compare  remark  #2  in 

§2.22.) 

2.  One  could  find  the  residue  of  (2.13)  at  its  simple  pole 
s=l .  (Lemmas  2.1  and  2.2  assure  us  that  (2.13)  has  a  simple 
pole  at  s=l,  for  since  1  e  E,  A  ^  0  in  Lemma  2.2.) 

3.  One  could  make  an  adjustment  for  any  elements  in  E  that 
are  not  in  E4 '  and  which  form  a  4-term  arithmetic  progression 

with  other  elements  of  E. 

It  is  the  third  requirement  that  is  difficult  to  meet. 

For  example,  points  1  and  2  above  are  satisfied  by 
E  =  {0,  1,  2,  ...  ,  9},  but  we  would  then  have  to  find  a 
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sharp  upper  estimate  for  D(Q(E4  &  {3,6})). 

i 

Recall  that  D(Q(E4  ))  >  .8952.  By  comparison  the 
estimate  (2.3)  in  the  case  n=4  is  not  larger  than  .88796 
to  five  decimal  places.  Furthermore,  estimating  from  above, 
we  can  show  that  D(Q(E4))  <  .89093.  For,  using  (2.10), 

D (Q ( 0 ,  1,  2,  4,  5))  =  D (Q ( 0 ,  1,  2,  3,  4,  5 ) ) -D (Q ( { 0 , 1 , 2 , 4 , 5 , }  &  {3})) 

<  1/  C(6)  -  D (Q ( { 0 ,  1,  2}  &  {3}  )) 


=  1/  C  (6)  -  [1A(4)  -  1/c  ( 3 )  ]  <  .  89093. 

In  closing  this  section  we  remark  that  the  following 
theorem  of  Ikehara  [9]  can  be  useful  in  finding  the  density  of 
some  sets  of  the  type  Q(E). 


Ikehara' s  theorem 


Let  a (N )  >  0. 


If 


f (s)  =  Z 
n=l 


a(N) 


N‘ 


converges  absolutely  for  a  >  1  and  f  is  analytic  for  a  >_  1 
except  for  a  simple  pole  with  residue  A  at  s=l,  then 


lim 

X->-00 


Z  a  (N) 
N<x 

_ - 

X 


A. 


This  theorem  is,  however,  much  deeper  than  Lemma  2.2.  It 

does  have  the  advantage  that  one  need  not  prove  the  existence 

of  the  density  before  applying  the  theorem,  but  on  the  other 

hand,  one  must  know  that  Z  1/NS  has  a  simple  pole  at 

NeQ(E) 


1 


. 
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s  =  1.  (Indeed,  (I) :  the  existence  of  a  non-zero  density, 
seems  almost  equivalent  to  (II):  the  existence  of  the  pole. 

(I)  implies  (II)  by  Lemma  2.2.  If  we  knew  that  the  continu¬ 
ation  onto  a  =  1  of  the  function  defined  by  the 

Dirichlet  series  were  analytic  for  a  =  1,  t  ^  0,  then  (II) 
would  imply  (I)  by  Ikehara's  theorem.  Also  cf.  remark  #3 
in  §2.22.)  The  existence  of  the  pole  can  be  established  in 
part  (i)  of  Theorem  2.1  through  knowledge  of  the  c-function 
which  appears  in  (2.6).  However,  for  the  less  tractable 
exponent  choice  sets  of  parts  (ii)  and  (iii)  of  the 

theorem,  the  existence  of  this  pole  and  the  value  of  the 
density  could  not  be  found  in  the  same  way  since  we  were  unable 

to  obtain  E  1/NS  in  any  kind  of  closed  form,  let  alone 

NeQ (E  ) 
n 

in  terms  of  the  c-function.  Now,  Lemmas  2.1  and  2.2  establish 

that  since  E  contains  1,  the  Dirichlet  series  does  have  a 

n 

simple  pole  at  s  =  1.  But,  if  one  must  proceed  so  far  with 
these  Lemmas  anyhow,  Ikehara's  theorem  becomes  superfluous. 
Furthermore,  lemma  2.1  was  needed  to  prove  the  existence  of 
density  so  that  we  could  employ  (2.10)  in  parts  (ii)  and  (iii) 
of  Theorem  2.1.  Lastly  we  remark  that  Lemma  2.1  seems  interes¬ 
ting  aside  from  its  applications  above. 
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§2.21  Comparison  of  the  densities 


We  shall  show  that 


(2.14) 


C(n)/  (c(n-l)  c(2n))  -  [1/  c(2n-l)  -  1/  ?(2n-2)]  >  A. 


n 


for  n  >  4 ,  and  that 


(2.15) 


C(n)/U(n-1)  ?  (hn)  )  -  [1/  ?  (hn-1)  -  1/  5  (hn-h)  ] 


>  C(n)  /  U(n-l)  (h-l)n}] 


for  3  <_  h  <_  n  -  2 .  If  n  is  an  odd  composite  number  and  h 
is  the  smallest  prime  divisor  of  n,  then  3  <_  h  <_  /n  and 
(2.15)  will  hold.  Since  the  quantities  c (n) / [?  (n-1) 5 {  (n-1) n}] 
of  (2.1)  and  c (n) / [ £ (n-1)  c((h-l)n}]  of  (2.15)  are  each  at 
least  s(n)/(s(n-l)  t(2n)),  it  will  follow  from  (2.14)  and 
(2.15)  that  the  densities  in  Theorem  2.1  (i) ,  (ii) ,  (iii) , 

all  exceed  A  . 


n 


We  shall  use  the  following  lemma: 


Lemma  2.3  For  integers  a  >  1  and  b  >  0, 


Proof  Equivalently, 


S  (a)  -  1  >  2^  (  c  (a+b)  -  1)  , 


Ems  n\  _>  ri  >  £  naitt  ,n  2o  xoaivib  smliq  ieaXXBma  aiti  ax 


( 
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and  this  follows  from 


i_  +  _L_  +  _L_  + 

_  1  _  1  1  •  •  • 


9b  9b 


2a+b  ^a+b 


a+b 


To  prove  (2.14)  we  first  show  that 


(2.16) 


„  C (  (2n-3)  }  c(2n-4)  £ 

n  - ; - ; —  <  — - for  n  >  3 


k=l  c{  (n-l)(2n-3  )  } 


C  (2n2) 


and  then  that 

(2.17)  c  (2n-4)A  (2n2)  <s(n)/c(2n)  -  5  (n-1)  [1/c  (2n-l) -1/c  (2n-2)  ] 

for  n  >_  5.  This  will  imply  (2.14)  for  n  >_  5 .  For  n=  4  we 
find  using  tables  that  the  left  side  of  (2.14)  exceeds  .88796, 
while  A ^  <  .8627. 


We  observe  that 

0° 

;(2n2)  <  5 { (n-1)  (2n-3)  }  <  n  5 {  (n-1)  (2n-3 ) k }  , 

k=l 

so  that  if  we  prove 

(2.18)  n  c((2n-3)k>  <  ?(2n-4) 

k=l 

for  n  >  3  we  shall  have  (2.16) .  Writing  m  =  2n-3,  we  shall 
prove 

(2.19)  e(m-l)  >  1  +  2U(m)-l)  >  n  C  (m  )  for  m  >_  3, 

k=l 


C  rtS)3 


na4d  bne 


'  .  s'  "]  o  '  ;  sd  i.  \  .  L  *  >  .  r  :i>/  ; 


,  \ !'  d  .  >  ,  - 


’uo°'  *  ** 


(‘«S)3 


1*^1 


(ei.s) 
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and  this  will  yield  (2.18)  for  n  3 .  The  first  inequality  of 
(2.19)  is  immediate  from  Lemma  2.3.  Again  from  the  lemma, 


00 

n 

,  k. 
C  (m  ) 

00 

<  n 

1  + 

C(m)-l\ 

v  1 

k= 

=1 

k=l 

2m  -m  / 

Let  us  write  x 

= 

2m  ( ; (m) 

-  1)  and  show  that 

00 

(2.20)  n 

k=l 

+  X, 

+ 

* — 1 

V 

X 

for  m  > 

-L 

k 

2m  j 

■ — i 
i 

£ 

Oi 

whence  will  follow  the  second  inequality  of  (2.19).  Since 


y ( l-y/2 )  <  log  (1+y)  <  y  (|y|  <  1), 


we  find  taking  logarithms  in  (2.20)  that 


E  log  I  1  + 
k=l 


x 


>m 


<  x  E 


<  x 


00 

E 


k=l  2m 


k=l  2 


mk 


=  X/^-l) 


and  that 


log 


1  + 


x 


,m-l 


x 


.m-1 


1  - 


x 


,m 


Now, 


x 


4m-l 


1  - 


x 


,m 


x 


2m-l 


if  and  only  if 


(2.21)  2m  1  <  (2m-l)  (2-c  (m)  )  . 


♦  1  I 


i  >  \~j; 

I®* 


I=M 


sur.l  *or!  -  b"F  (i  -  I  •■)  i  r£  «  •  >i  »  30  *aJ 

I  - +  1 1 


(s:\v-i)  y 


x 


m. 


1-7 1 


■ 


,  woW 


(I£.£) 
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For 

m  >_  3  ,  2 

-  e  (m) 

>  . 7 ,  so 

that  (2.21)  follows  if 

~m 

2  < 

■x 

1 — 1 

1 

e 

<N 

• 

1 — 1 

or  if 

0  <  (.4)2m  -  1.4.  Since  this 

does 

hold  for 

m  >  3 , 

we  have 

proved  (2.16)  . 

The  inequality  (2.17)  is  equivalent  to 

g ( 2n-4 )  +  c(n_1}  c(2n-2)  -  c(2n-l)  <  s  (n)  . 

4(2n2)  c (2n-l) ; (2n-2)  e (2n) 

The  second  term  on  the  left  side  here  is  less  than 

2 

C  (n-l)(^  (2n-2 )  -  1)/^  (2n)  .  We  replace  that  second  term  by 

2  2 

this  quantity,  multiply  through  by  £  (2n)  5 (2n  ),  and  show 

that  the  resulting  inequality 

52(2n)  ;(2n-4)  +  e(2n2)  c  (n-1)  ( 4  (2n-2 ) -1)  <  c  (n)  5  (2n)  4  (2n2) 
holds.  Indeed,  the  left  side  here  is  less  than 

4(2n)  c2(2n-4)  +  e(2n)  4  (n-1)  ( 4  ( 2n- 2 )  -  D 


and  we  show  that 


(2.22) 

By  Lemma 


C2(2n-4)  +  4  (n-1)  (4  (2n-2)  -  1)  <  4  (n)  C(2n2)  . 

(2.3)  , 

C(2n-4)  <  1  +  C(n)  ~  1  and  c(2n-2)-l  <  C (n)  ~  1  ' 

2n-4  2n-2 


and  we  shall  find  that 


■  -  •  . 


0<  3->Oh 


' 


i  srl’t  oae I c  <  j  ew  .  (nS)  'A(I  -  (£  «£)  3 


i  ,ronl:l  Y-f'-;  '•••'  ;  f.  i  tr.uv  airii 


3  ./  -t.-  in.;  ■  : 


U-(S-nS)j)  (i-n)j  (^nS)3  -  <  -n£)j  <n£)S 

n  f  t  839.1  ?;  i  ati j  ,bee.  nl 


j  1  r  '  ' 
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(2.23) 


1  + 


C(n)  -  1 


,n-4 


+  c(n-l) 


C  (n)  -  1 
^n-2 


<  e  (n) 


This  will  imply  (2.22)  since  z(2n)  >  1.  Inequality  (2.23) 
is  equivalent  to 


C(n)  -  1  ,  1  ,  c(n-l)  ^  1 

22n-8  2n-5  2n-2  1  * 


Now  for  n  >  6  the  left  side  here  does  not  exceed 


S-W  7  1  +  i  +  i(5L<i02  +  l  +  l104<i- 


16 


16 


Hence  we  have  proved  (2.17)  for  n  >  6.  For  n  =  5,  (2.17) 


can  be  proved  using  tables. 


We  now  prove  (2.15).  Equivalently  we  want  to  show  that 


(2.24)  5  (n)  +  C(n_i)  C (hn-h)  -  z,  (hn-1)  <  C  (n)  . 

C((h-l)n}  c (hn-1)  c(hn-h)  C (hn) 

The  second  term  on  the  left  side  here  is  less  than 
C (n-1) ( £ (hn-h) -1) /  £2(hn),  and  we  shall  show  that  (2.24)  holds 
with  this  quantity  place  of  the  second  term,  or  that 

C(n)  c2(hn)  +  c ( (h-1) n }  e (n-1)  (c (hn-h) -1)  <  c (n)  C  ( (h-1 ) n } s (hn)  , 


or  equivalently 


(2.25)  c((h-l)n}  e  (n-1)  (c (hn-h) -1)  <  e (n) e (hn) ( e { (h-1 ) n } 


C ( hn ) )  . 


^  + 


.  £  aldsi  pnxau  bsvoxq  '9 d  ns o 


. (SI.S)  svoiq  won  »w 


<n(I-ri)>j 


nsrii  SE9l  2X  isri  sbxe  Jlel  srtJ  no  mad  bnooea  sri" 


sblori  (££.£)  dsrld  woris  Ilsrls  sw  bns  ,  (nrf)  ’*?  \(I-(rf-nri)3  . -n)  3 


(1-  (rf-nril  })  (i-rt)  ?  inU-tl)  I  •  (nrf)  J  (n)  j 


■  !.-,!)  }3)  'nrfk  (n)  >  (  •(r'-xtri)j)  )j 
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By  Lemma  2.3,  e(hn-h)  -  1  <  (?{(h-l)n}  -  l)/2n  h  and  also 

£{ (h-1 ) n }  -  5 (hn)  >  5{ (h-l)n  }  -  1  -  (;{ (h-l)n}  -l)/2n 

=  (;{  (h-1)  n}  -  1)  (2n-l)/2n. 

Hence  (2.25)  will  follow  if 

eUh-l)n}  C  (n-1)  <  c(n)  c  (hn)  (2n-l)/2h. 

Now,  for  h  >_  3  and  n  >_  h  +  2  the  right  side  here  exceeds 

( 2n— 1 ) /  2h  >  4  -  1/  2h  >  3 

while  the  left  side  is  less  than  2.  Hence  (2.15)  holds  if 
3  <_  h  <_  n-2 . 

§2.22  Questions  and  remarks 

1.  We  stated,  preceding  Lemma  2.1,  that  if  an  expon¬ 
ent  choice  set  E  does  not  contain  1,  then  D (Q (E) )  =  0. 

This  is  so  because  Q(E)  c:  Q(0,  2,  3,  4,  ...),  the  set  of 
squarefull  numbers,  and  this  set  has  density  0.  We  refer  the 
reader  to  the  solution  by  P.  T.  Bateman  [2]  of  a  problem  pro¬ 
posed  by  D.  J.  Newman  which  shows  that,  if  Q  =  Q(0,  2,  3,  4,  ...), 
then 

Q (x)  =  x1/2  ?(3/2)/?(3)  +  x1/3  c(2/3)/c(2)  +  0(x1/5). 


Is  there  a  way  to  prove  the  remainder  of  Lemma  2.1  without 


■ 


' 


(X-n)j  {n(I-ri))3 


■  . 


li  sb.i  od  (el.S)  9onsH  .  £  rusrfd  >^el  ti  £>i:3  :iel  add  3ljtrfw 
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using  the  inclusion-exclusion  argument? 

2.  Is  it  true  that  if  E  is  an  exponent  choice  set  and 
m  =  max  E  then  D  (Q  (E)  )  >  D(Q([E-{m}]  [)  {m+1,  m+2 ,  ...}))? 
Compare  the  "rule"  mentioned  at  the  end  of  §2.1. 

3.  For  any  set  Q  of  positive  integers  let 

f(s)  =  Z  1/NS.  If  D(Q)  =  0  then  by  Lemma  2.2  f  has  no 
Ne  Q 

pole  at  s  =  1.  Conversely,  suppose  that  f  has  no  pole  at 
s  =  1.  Does  it  follow  that  D(Q)  =  0  ?  If  we  know  that  D(Q) 
exists,  then  it  is  0,  for  if  it  exceeded  0,  Lemma  2.2  would 
imply  that  f  has  a  pole  at  s  =  1.  We  might  ask:  Are  there 

sets  Q  such  that  lim  sup  Q(x)/x  /  lim  inf  Q(x)/x  and  f 

has  no  pole  at  s  =  1? 

Is  there  a  simple  rule  by  means  of  which  one  can  find  an 
asymptotic  estimate  for  Q(x)  from  f(s)?  For  example,  if  Q 
is  the  set  of  k-th  powers,  then  f(s)  =  c (ks)  has  the  simple 

pole  s  =  1/k  and  Q(x)  ^  x1/^.  If  Q  is  the  set  of  square- 

full  numbers  then  f(s)  =  c(2s)  c(3s)/c(6s)  has  its  largest 

pole  at  s  =  1/2,  and  Q(x)  ^  x1/2 c (3/2 ) /  £(3). 

Is  it  generally  the  case  that  if  the  largest  simple  pole 
of  f  is  r  (0  <  r  <  1)  then  Q(x)  ^  c  xr?  One  can  prove 
the  converse: 

T"  C3T 

Q  (x)  ^  c  x  (x  ->  °°)  implies  f(s)  ^  -  (s  ■*  r) 

s-r 

by  following  the  method  of  proof  of  our  Lemma  2.2  as  given  in 
Ayoub  [1 ,  p.  87] . 


' 

M  row  £  •  £  &mz  &J  ,0  bob^r  x  »  ii  :  xo  %0  x  i  t  *ii3  , adeixs 

- 

£.r  -  d£  <  oq  c.n  ixd 

nio?3  (< )  Q  :  5  a  xtJaa  ox^o^q^eB 
t  (  ’  3  *  .  0  i  f  v  -'ts  a  o .  i  *-j 

9loq  rlq:  r.s  itsspxsl  add  5t  dfird  93BO  end  tnc  tie)?  i.  fl 

ri  jdi 
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§2.3  Upper  estimates  for  the  density  of  members  of  H(n) 

We  define 

M*  =  sup  {lim  sup  Q(x)/x  |  Q  e  H(n)}. 

x  o° 

.  .  * 

Then  the  densities  of  §§2.1  and  2.2  do  not  exceed  M 

n 

for  n  >_  3 . 

So  far  in  this  chapter  we  have  considered  only  infinite 
sets  of  integers  containing  no  n-term  geometric  progression. 
Now ,  for  any  real  x,  let  us  denote  by  qn(x)  the  maximum 
number  of  integers  that  can  be  selected  from  [1,  x]  so  as  not 
to  contain  any  n-term  geometric  progression,  and  define 


m 


n 


lim  sup  q  (x)/  x 

x  ->  °° 


For  every  n  i-n  H(n)  and  every  x,  Q(x)  <  q  (x)  . 

*  n 

Hence 


M  <  m 
n  —  n 


*  * 

so  that  an  upper  estimate  for  mn  affords  one  for  Mn 
We  shall  prove  the  following  theorem. 


Theorem 

2.2  (i) 

For 

every  n  >_  3 , 

(2.26) 

* 

M 

n 

< 

1  -  l/(2n-l)  . 

(ii) 

In  the  case 

n=3 , 

the 

better  estimate 

(2.27) 

* 

M 

il3 

< 

.8339 

holds . 


.((n)H  3  o  |  x\(x)Q  u  iX)  qua  *  *M 


on  pnxnxB^noo  2“X0p9^nx  to  aiea 


,  x 


if  -  '  '•  h  ,.i  o 


eonaH 


■ 


me.  >  rM 

1 
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The  proof  of  Theorem  2.2  depends  on  the  following  Theorem 
2.3,  which  deals  with  geometric  progressions  of  integral  ratio 
r.  Let  I  denote  the  set  of  positive  integers.  For  any 
integer  r  >  1  let  R  =  R(n,r)  denote  the  set  of  geometric 
progressions  in  I  of  n  terms  and  ratio  r,  and  let 

H(n,r)  denote  the  class  of  all  sequences  in  I  that  contain 
no  progression  of  R.  Further,  let  H^(n,r)  be  the  class  of 

all  sequences  Q  e  H(n,r)  for  which  lim  Q(x)/x  exists.  We 

x-+°° 

define 

* 

M  =  sup { lim  sup  Q(x)/x  j  Q  e  H(n,r)}, 

'  x^°° 

M  =  sup{lim  Q(x)/x  |  Q  e  H,  (n,r)}. 

in  *  it  jl 

X->°° 

Theorem  2.3  (i)  No  integer  appears  in  more  than  n  progressions 

of  R. 

(ii)  There  is  exactly  one  subset  of  I  with  the  property: 

Each  element  of  the  set  appears  in  n  progressions  of  R  and 
each  progression  of  R  contains  exactly  one  element  of  the  set. 

(iii)  Let  S  be  the  set  in  (ii)  .  If  TCI  and 
I  -  T  e  H (n , r ) ,  then  T(x)  >  S (x)  for  every  x. 

(iv)  I  -  S  e  H,(n,r)  and  lim  S(x)/x  =  (r-1)  /  (rn-l)  . 

x+°° 

(v)  M  =  M  *  =  1  -  (r-1) / (rn-l)  . 

n  ,  r  n ,  r 


oidsx  bne  ernxa.} 


Yiw  *  to1!  i  < )  £  '  ■'  11  .  3iL  ,(tvn  J  ?  T  -  I 
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If  analogously  to  M  one  defined 

2  n,r 


=  sup  {lim  Q(x)/x  |  Q  e  (n)  }  , 
x^°° 


where  H^(n)  is  the  class  of  all  sequences  Q  in  H(n)  for 

which  lim  Q(x)/x  exists,  one  might  expect  that  similarly 
* 

M  =  M  .  Perhaps  this  would  be  so  if  one  considered  only 
n  n  c 

geometric  progressions  with  integral  ratio,  but  it  seems 


doubtful  in  the  general  case. 


Proof  of  Theorem  2,3  Let  us  separate  R  into  familes 
of  progressions: 


k  , 

kr  , 

kr2 

JV  JL  f  •  •  • 

,  kr 

kr 

kr2  , 

kr3  ,  .  .  . 

,  kr 

n-1 

kr  , 

krn  , 

.  n+1 

kr  , 

,  kr 

.  n 
kr  , 

krn+1 , 

,  n+2 

kr  , 

,  kr 

where  k  e  I,  r  +  k.  Clearly  U  Fk  =  R/  and  no  integer 

k=l 
r|k 

appears  in  more  than  n  progressions 


of  one  family.  Furthermore, 


, 


m i  L }  qua  -  M 

' 

’ 

' 


■ 

' 


V  o'  J  .  >  | 

,  ‘ 


3  sisriw 
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ff  denotes  the  set  of  all  integers  appearing  in  the  pro¬ 

gressions  of  F^,  then  the  sets  V^.  are  pairwise  disjoint. 
For  if  kr  =  £rv  and  k  ^  £,  then  u  ^  v  and  either 

r|k  or  r|£.  (i)  follows. 


The  integers  kr11  ^ ,  kr2n  ,  kr3n  .  .  .  each  appear 
in  exactly  n  of  the  progressions  of  F^,  and  each  progression 
of  contains  exactly  one  of  them;  it  is  clear  that  this  is 

the  only  set  of  integers  with  this  property.  Since  the  V,  are 

.KL 

pairwise  disjoint,  the  set 

00 

S  =  (J  {kr11-1,  kr2n_1,  kr311"1,  .  .  .} 
k=l 
rfk 

has  the  property  required  in  (ii) .  It  is  clear  that 
I  -  S  £  H (n,r) . 


Proceeding  to  (iii) ,  we  observe  that  if  each  F^  is 
separated  into  blocks  of  n  progressions  each,  starting  with 
the  first  member  of  the  family,  then  in  order  that  I  -  T  e  H(n,r), 
T  must  contain  at  least  one  integer  from  each  block  of  each 
family.  Since  S  contains  exactly  one  integer  from  each  block, 
T(x)  >  S(x)  for  every  x. 

The  number  of  integers 


(2.28) 


in-1  -  in-1 
r  ,  2r 


(r-1) r 


in-1 


(r+1) r 


in-1 


not  exceeding  x  is 


bn* 
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a . 
1 


x-r 


in-1 


+  1 


r 


m 


x  -  2 


2L 


m  -1 


+  1 


r ' 


in 


+  . 


x- (r-1) r 


in-1 


in 


provided 

integers 


X 

+ 

r-1  1 

+ 

X 

r-2 

i 

X 

l“ 

rin 

r  . 

in 

_r 

T 

r 

'  •  •  • 

T 

in 
_  r 

+ 

r . 

1  <  i  <  m  = 


log^  x  +  1 
n 


,  while  if  i  >  m,  the 


(2.28)  all  exceed  x.  Hence 


m  m  ,  , 

S(x)  =  £  a.  =  z  +  0  ( log  x)  , 

i=l  i=l  rln 


so  that  S  has  density 


lim 

x->°° 


S  (x) 
x 


z 

i=l 


r-1 

in 

r 


r-1 


t 


and  we  have  proved  (iv) . 

From  (iv)  ,  M  >_  1  -  (r-l)/(rn-l)  .  On  the  other 

n ,  r 

hand,  by  (iii)  ,  if  U  e  H(n,r)  ,  then  U(x)  <_  [I-S]  (x)  for  every 

x,  so  that  M:  <  1  -  (r-l)/(r  -1)  .  Since  M  <  M  by 

n ,  r  —  n,r  —  n,r  1 

definition,  (v)  follows. 


Proof  of  Theorem  2.2  Part  (i)  of  the  theorem  follows  immedi- 

*  * 

ately  from  the  observation  that  M  <  M  for  any  r.  We 

2  n  —  n,r  2 

* 

choose  r  =  2  since  M  is  smallest  for  that  value  of  r. 

n ,  r 


Now  let  us  denote  by  I  the  set  of  positive  integers 
not  exceeding  x,  by  Sr  the  set  S  of  the  preceding  proof, 
and  by  P(n,r,x)  the  set  of  geometric  progressions  of  n  terms 
and  common  ratio  r  in  I  .  From  Theorem  2.3  part  (iii)  it 
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follows  that  some  optimal  set  of  S9 (x)  elements  in  I 
contains  some  term  from  each  progression  of  P(n,  2,  x)  and 
that  no  smaller  set  does  so*  We  can  say  that  the  removal  of 
such  an  optimal  set  of  S9 (x)  elements  from  I  eliminates 
the  progressions  of  P(n,  2,  x)  f^om  I  ,  and  that  the  removal 

X 

of  a  smaller  set  will  not  do  so. 

^  * 

Note  that  we  could  also  have  proved  part  (i)  of  the 

* 

theorem  as  follows:  To  eliminate  all  n-term  geometric  pro¬ 
gressions  from  I  we  must  eliminate  at  least  those  of 

P(n,  2,  x) .  Therefore  q  (x)  £  x  -  S~  (x)  for  any  x,  whence 

r"i  z 

m  *  <  1  -  1/ ( 2n-l ) . 

Turning  to  part  (ii)  of  Theorem  2.2,  we  shall  show  that 

i 

more  than  S~ (x)  numbers  must  be  removed  from  I  in  order 

A  -X- 

to  eliminate  additionally  certain  of  the  progressions  of 
p (3 ,  3,  x) .  When  the  meaning  is  clear  from  the  context,  we 
shall  shorten  the  notation  "P(3,  r,  x)  to  "P(r,x)". 

2 

The  progressions  of  P(r,x)  have  the  form  k,  kr,  kr 
where  1  <  k  <  x/r  ,  and  their  terms  fall  into  disjoint 
families  of  integers  as  in  the  proof  of  Theorem  2.3.  For  pro¬ 
gressions  s,  3s,  9s  of  P ( 3 , x)  we  shall  consider  in  which 
families  of  P(2,x)  these  terms  appear  and  see  that  for  some 
values  of  s,  the  minimal  number  of  choices  required  to  elimi¬ 
nate  these  families  of  P(2,x)  either  is  insufficient  to 
eliminate  s,  3s,  9s,  or  if  sufficient,  still  fails  to  elimi¬ 
nate  both  s,  3s,  9s  and  some  other  progression  of  P(3,x) 
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whose  terms  appear  only  in  those  same  families  of  P(2,x). 

For  example  let  x  =  25.  The  progressions  of  P(2,25) 
and  P(3,25),  arranged  in  families,  are  respectively 

1#  2,  4  3,  6,  12  5,  10,  20  and  1,  3,  9  2,  6,  18 

2,  4,  8  6,  12,  24 

4,  8,  16 

The  first  two  families  of  P(2,  25)  are  the  ones  that  contain 
terms  of  the  progressions  in  P(3,  25).  Any  optimal  selection 
of  S2(25)  =  3  elements  of  I25  for  the  purpose  of  eliminating 
these  families  of  P(2,  25)  would  include  4  and  one  of  6  and 
12.  These  choices  leave  the  progression  1,  3,  9  intact,  and 
hence  one  additional  choice  is  required  to  eliminate  this 
member  of  P(3,  25). 

In  the  following  we  assume  that  x  is  large  enough  that 
the  progressions  s,  3s,  9s  of  P(3,x)  with  which  we  shall 
deal  do  indeed  exist.  By  2  s  we  shall  mean  that  2  divides 
s  but  no  higher  power  of  2  does  so.  We  shall  show  that, 
for  each  integer  s  satisfying 

(2.29  a)  x/12  <  s  <_  x/9  and  either  2  f  s  or  2|  |s 

or 


(2.29  b) 


2x/27  <  s  <_  x/12  and  2|  |s. 
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one  choice,  in  addition  to  the  optimal  S2  (x)  choices 
required  for  the  elimination  of  P(2,  x),  is  required  for 
the  elimination  of  certain  progressions  associated  with  s  in 
P(3,  x) .  We  shall  then  show  that  the  choices  associated  with 
one  value  of  s  do  not  coincide  with  those  associated  with 
any  other,  so  that  as  many  additional  choices  are  required  as 
there  are  integers  s  satisfying  (2.29). 

First  let  x/12  <  s  <  x/9.  Then  3s  >  x/4 ,  so  that  the 
only  term  of  the  progression  s,  3s,  9s  that  appears  as  the 


first  term  of  a 

progression  in 

P  ( 2 ,  x)  is  s. 

We  consider 

two  cases. 

Case  I  :  s  is 

odd 

In  this  case  3s  and  9s 

are  odd  and 

appear  in  no  progression  of  P(2 

,  x)  since  the 

second  and 

third 

terms  of  these 

progressions  are 

even.  Hence  the  only  family  of 

progressions  of 

P(2, 

x)  that  contain  any  of 

s ,  3s ,  9s 

is 

s ,  2s , 

4s ; 

2s ,  4s 

8  s ; 

(16s  >  x) .  To 

eliminate  this  family  and  the  progression 

s,  3s,  9s,  two 

choices  from  I 

X 

are  required. 

while  the 

family  itself  requries  only  one 

choice . 

Case  II :  2  |  |  s 

The 

families  of 

P(2,  x)  that 

contain  any 

of 

s,  3s,  9s  are 

s/2  , 

s ,  2s; 

and 

3s/2 ,  3s, 

6s ; 

s , 

2s ,  4s ; 

w 

CN 

4s,  8s; 

V 
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(12s  >  x)  .  These  are  also  the  only  families  of  P(2,  x)  that 

contain  any  term  of  the  progression  s/2,  3s/2,  9s/2.  Any 

optimal  selection  from  I  for  the  elimination  of  the  above 

x 

families  of  P(2,  x)  will  leave  one  or  both  of  these  ratio  3 
progressions  intact,  and  one  additional  choice  is  required. 

While  further  cases  2  | | s,  2  | |s,  and  so  on,  might 
be  considered,  the  improvement  they  would  afford  to  the  estimate 
(2.27),  if  any,  is  too  small  to  warrant  the  more  complex  argu¬ 
ment.  In  some  cases,  the  "additional"  choices  would  coincide 
with  those  associated  with  integers  s  in  (2.29  b).  We  turn  now 
to  the  latter. 

Given  an  integer  s  satisfying  (2.29  b) ,  the  families  of  P(2,x) 

that  contain  any  of  s,  3s,  9s  are 

s/2,  s,  2s;  and  3 s/2,  3s,  6s; 

s,2s,  4s;  3s,  6s, 12s; 

2s,  4s,  8s; 

(9s  could  appear  only  as  the  first  or  second  term  of  a  ratio  2 
progression,  but  the  third  term  of  such  a  progression  would  be 
at  least  18s  >  x) .  The  argument  finishes  as  in  Case  II  above. 

We  remark  that  for  odd  integers  s  satisfying 
2x/27  <  s  <  x/12,  not  considered  above,  an  additional  choice  is 
required  only  if  3  | |s  or  3  | |s  for  some  a  >  2.  However, 
the  small  reduction  the  argument  might  afford  the  estimate 
does  not  warrant  the  difficulty  in  proving  whether  such  a  choice 
would  not  coincide  with  some  other  choice.  In  fact,  this  reduc¬ 
tion  would  be  at  most  |  ^  ^  *  00068  and  would  not  affect 

the  third  decimal  place  in  (2.27). 
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We  now  show  that  the  possible  choices  associated  with  one 
value  of  s  satisfying  (2.29)  do  not  coincide  with  those 
associated  with  another.  Indeed,  if 

(2.30)  2x/27  <  s  <_  x/9, 

then  the  choices  associated  with  s  in  the  arguments  above  are 
among 

s/2,  s,  2s,  4s,  8s,  3s/2,  3s,  6s,  12s,  9s/2,  9s  if  2|  |s 
and  among 

s,  2s,  4s,  8s,  3s,  9s  if  2  f  s. 

Considering  the  exponents  of  the  powers  of  2  occurring  as 
factors  of  choices  associated  with  distinct  s-^  and  S2  satisfy 
ing  (2.30),  the  only  possible  equalities  between  choices  associ¬ 
ated  with  s^  and  those  associated  with  s2  are  equivalent  to 
s ^  to  one  of  3s2,  9 s2 ,  s2/3 ,  s2/9  unless  s^  and  s2  have 
opposite  parity.  If,  say,  2  |  |  s-^  and  2  }  s2 ,  the  possible 
equalities  are  equivalent  to  equating  s^  to  one  of  2s2/9, 
2s2/3,  2s2/  ^s2'  18s2«  But  none  °f  these  equations  would  be 

consistent  with  the  inequalities 

2/3  <  s1/s2  <  3/2 

which  hold  for  any  s1  and  s2  satisfying  (2.30). 


equat¬ 

ing 


To  count  the  number  N  of  integers  s  satisfying  (2.29), 
we  note  that  the  number  of  odd  integers  in  an  interval  (a,b]  is 
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at  least  (  [b-a]  -l)/2,  and  that  the  number  of  integers  s 
in  (a,  b]  such  that  2 | | s  is  at  least  ([b-a]  -  l)/4  -  1/2. 
Hence 

N  >_  ([x/9-x/12]  -  l)/2  +  (  [x/9  -  2x/27 ]  -l)/4  -  1/2 
=  [x/36]/2  +  [x/27 ] / 4  -  5/4. 

Therefore 


q3(x)  £X  -  S2(x)  -  [x/36]/2  -  [x/27]/4  +  5/4 


^  x  -  x/7  -  x/72  -  x/108 


<  .833995  x. 

* 

Hence  <  .8339  and  (2.27)  follows.  The  proof  of  Theorem 

2.2  is  now  complete. 

Let  be  the  density  of  the  most  dense  member  of  H(n) 

discussed  in  §§2.1  and  2.2.  We  compare  Dn  with  our  esti- 

* 

mates  for  M  for  some  few  values  of  n: 

n 


n 

3 

4 

5 

8 


* 

D  >  M 

n  —  n 


7197. . . 

.8339 

8952 

14/15  = 

.  9335 

9580 

30/31  = 

.  9677 

9957 

254/255  = 

.  9960 

Evidently  there  is  little  difference  between  Dn  and  Mn 


. 


. .  .ven . 
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for  n  >_  8 .  It  would  be  interesting  to  know  whether  can 

* 

be  improved  upon.  Certainly  the  estimate  for  could  be 

lowered  by  considering  geometric  progressions  of  ratios  other 
than  2  and  3.  In  particular,  perhaps  the  geometric  pro¬ 
gressions  of  non-integral  ratio  account  for  much  of  the 

* 

difference  between  and  the  above  estimate  for  . 
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CHAPTER  III 

ON  BASES  FOR  SETS  OF  INTEGERS 

§3.1  Introduction 

Let  h  >_  1  and  n  >  0  be  integers.  A  set 
A:  0  =  <  .  .  .  <  a^  <_  n  of  real  numbers  is  called 

an  h-basis  for  n  if  each  of  0,  1,2,  ...  ,n  can  be  repre¬ 
sented  as  the  sum  of  h  summands  a^  from  A,  repetitions 
being  allowed.  Often  in  the  literature  an  h-basis  for  n 
is  called  a  basis  of  order  h  for  n.  By  a  minimal  h-basis 
for  n  is  meant  an  h-basis  for  n  with  the  smallest  possible 
number  of  elements,  and  k^Cn)  is  used  to  denote  the  number  of 
elements  in  such  a  basis.  We  shall  often  refer  to  an  h-basis 
for  n  simply  as  an  h-basis,  or  a  basis  for  n,  or  a  basis, 
when  the  meaning  is  clear  from  the  context.  The  case  h  =  1 
is  trivial  since  then  necessarily  A  contains  0,  1,  2,  ...  ,  n. 

In  the  following  we  assume  h  >_  2 . 

Some  authors  consider  only  bases  whose  elements  are 
integers.  See  for  example  Rohrbach  [17]  and  Stohr  [20,  p.46]. 
However,  in  [12],  Moser  observed  that  the  result  he  obtains 
there  is  independent  of  whether  the  basis  elements  are  integers. 
Since  our  results  in  this  chapter  have  this  property  also,  we 
use  the  definition  above. 


If  the  elements  of  an  h-basis  for  n  do  no  exceed  n/h, 
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we  call  the  basis  a  restricted  h-basis  for  n.  Rohrbach 
(op.  cit.)  seems  to  have  been  the  first  to  have  considered 
this  restricted  case.  If  the  basis-elements  were  specifically 
integers,  we  would  require  [(n+h-l)/h]  in  place  of  n/h 
above,  but  the  results  we  obtain  in  the  following  are  the  same 
either  way. 

In  the  following,  we  let  A  be  any  h-basis  for  n  with 
k  elements.  This  includes  the  possibility  that  k  =  k^(n). 

The  problem  of  estimating  k^(n) ,  which  we  consider  in  this 
chapter,  seems  first  to  have  been  proposed  by  I.  Schur,  for  the 
case  h  =  2  (see  Rohrbach,  op.  cit.,  pp.  2,3).  Rohrbach,  by 
constructing  h-bases,  obtained  the  estimate 


(3.1) 


(In  the  case  h  =  2,  his  basis  is  even  restricted.)  On  the 


k  +  h 
h 


h-combinations  with 


other  hand,  since  we  can  form 


repetition  of  the  k  elements  of  A,  and  therefore  that  many 
sums ,  we  have 


(3.2) 


k  +  h  -  1 
h  J 


n  +  1 


Because  (k  +  h  -  1)  /hi 


k  +  h  -  1 
h 


(3.2)  yields  for 


any  £  >  0 


(3.3) 


provided  n  is  sufficiently  large.  In  the  case  h  2, 
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2 

Rohrbach  (op.  cit. ,  p.  9)  conjectured  that  k2 (n)  ^  4n,  but 
obtained  only  a  small  improvement  over  (3.3),  namely 

k2 

(3.4  a)  —  (1  -  .0016)  >  n. 

2 

Further  improvements  in  the  lower  estimate  were  found  by  Moser 
[12]  and  the  author  [15] ,  the  latter  result  being 

k2 

(3.4  b)  —  (1  -  .0269)  >  n 

2 


for  n  large.  In  the  case  h  >_  3  the  only  improvement  on 
(3.3)  is  that  of  Moser  and  the  author  [13]  who  showed  that  for 
any  e  >  0 , 


(3.5) 


<i 

h! 


+  e  - 


cos  ( fr/h) 

2  +  cos(TT/h) 


>  n 


provided  n  is  sufficiently  large. 


If  A  is  a  restricted  h-basis  for  n,  the  lower  estimates 
for  k  are  larger,  as  one  might  expect.  To  date  the  best 
lower  estimates  have  been,  in  the  case  h  =  2  , 


—  (1  -  .1329)  >  n 
2 


if  n  is  large  (the  author  [15]),  and  in  the  case  h  >_  3 , 

,h  h 

(3.7)  —  {1  +  e  -  [cosU/h)]  }  >  n 

h! 

if  n  is  large  (Moser  and  the  author  [13]).  Regarding  upper 
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estimates,  (3.1)  holds  if  h  =  2,  but  we  know  of  no  construc¬ 
tion  of  a  restricted  h-basis  A  with  h  >_  3  whose  elements 
number  less  than  hn^*1. 

Rohrbach's  method  in  obtaining  (3.4  a)  consisted  of 
dividing  [0,  n]  into  eight  intervals  and  considering  the  conse¬ 
quences  of  various  distributions  of  the  basis-elements  into  these 
intervals.  Stohr  [20,  p.  43]  felt  that  it  might  be  possible  to 
use  this  method  to  sharpen  the  lower  estimate  (3.3)  in  the  cases 
h  >  2,  but  also  stated  that  the  calculations  would  become  exten¬ 
sive  and  impossible  to  see  through.  In  the  paper  [13]  by  Moser 
and  the  author,  however,  we  obtain  (3.5)  by  means  of  a  quite 
brief  argument.  Stohr ' s  concern  with  such  results  was  with 
their  application  to  a  problem  on  bases  for  the  set  of  all  non¬ 
negative  integers,  which  we  now  define. 

A  set  B  of  non-negative  numbers  is  called  an  h-basis  for  Z, 
the  set  of  non-negative  integers,  if  every  element  of  Z  can  be 
represented  as  the  sum  of  h  summands  from  B,  repetitions  being 
allowed.  Again  when  the  context  is  clear,  we  may  refer  to  these 
bases  simply  as  "h-bases" . 

The  idea  of  bases,  and  their  name,  originated  in  Germany  in 
the  early  1930's;  Stohr  (op.  cit. ,  p.  41)  attributes  it  to 
Schnirelmann ,  whose  notion  was,  however,  somewhat  different  from 
that  of  the  present  day.  One  finds  the  modern  idea  of  basis 
first  in  the  1937  paper  of  Rohrbach  (op.  cit.,  p.  2).  One 
could  generalize  the  idea  as  follows:  If  S  and  T  are  sets  of 


- 


.elfivis^nx 

a  j£.  d  il  c  .*  )  s-  mj  p  -yrK  .3  >r  o.t  borifvrr  ■  xrl:  931/ 


>x  •  j  i>  wc  ©v.  rfo  :  •  .  TT  -  :pe.i 


C  t  \J  [  i  Al  .<?  lo  8JC  >  +ao*  ^  T  v’ 


. 

I  .  •  1  (  '  ;1 


-60- 


numbers,  and  every  element  of  T  can  be  represented  as  the 
sum  of  h  summands  from  S,  then  S  is  an  h-basis  for  T. 

Under  this  definition,  we  can  say  that  the  basis  problems  that 
have  been  mainly  of  interest  concern  the  cases  with 
T  =  {0,  1,  ...  ,  n}  and  T  =  Z.  In  these  cases,  German  mathe¬ 

maticians  have  of  late  used  the  words  "Abschnittbasis"  and 
"Basis"  respectively,  Stohr  coining  the  former  of  these  (op.  cit. , 
p.  46) .  We  find  it  more  convenient  to  use  the  terminology  of 
our  definitions  above  than  to  employ  a  special  word  for  the 
finite  bases.  Indeed,  our  terminology  is  the  same  that  Rohrbach 
employed  in  the  work  cited  above.  The  kind  of  basis  that  we  are 
discussing  is  always  made  clear,  and  if  not  explicitly,  then 
from  the  context. 

In  this  chapter  we  improve  upon  the  above  lower  estimates 
(3.4b)  through  (3.7).  In  the  cases  corresponding  to  (3.4  b) , 

(3.5) ,  and  (3.6)  we  employ  a  refinement  of  the  methods  that  were 
used  to  obtain  those  results.  However,  in  the  restricted  case 
with  h  >_  3 ,  we  obtain  a  considerable  improvement  over  (3.7)  by 
means  of  a  very  simple  combinatorial  argument.  In  §3.2  we 
consider  the  case  that  A  is  unrestricted.  Although  our 
method  is  basically  the  same  as  that  in  [15]  and  [13] ,  where 
(3.4b)  and  (3.5)  were  obtained,  this  is  the  first  time  that  all 
cases  h  >_  2  are  handled  by  a  single  argument.  The  argument 
in  [13],  which  yielded  (3.5),  yields  no  improvement  over  (3.3) 
in  the  case  h  =  2.  In  §3.3  we  consider  the  case  that  A  is 
a  restricted  h-basis  for  n.  Finally  in  §3.4  we  discuss 
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applications  of  our  results  to  some  problems  on  h-bases  for  Z. 


COS  (  TT/h) 


§3.2  The  unrestricted  case 

It  is  convenient  to  denote  the  expression 

2  +  cos  ( 7T /h) 

found  in  (3.5)  by  s(h).  We  shall  prove  the  following  theorem. 
Theorem  3 . 1  (i)  The  case  h  =  2:  For  n  sufficiently  large, 


(3.8) 


r  (1- 


.0306)  >  n 


(ii)  The  case  h  =  3:  For  n  sufficiently  large, 


(3.9) 


3! 


(1  -  .0221)  >  n. 


(iii)  The  case  h  =  4:  For  n  sufficiently  large. 


(3.10) 


—  (1  -  .01154)  >  n 

4! 


(iv)  For  each  h  >_  5 , 

h 


(3.11) 


—  U  -  [1.02  s(h) ]h}  >  n 
h! 


provided  n  >  n^ (h) . 


(v)  For  each  h  >  8, 


(3.12) 


—  a  -  [1.1  s  (h)  ]h}  >  n 
h! 


provided  n  >  n^  (h) . 


To  compare  (3.9)  and  (3.10)  with  (3.5),  we  note  that 


.  (ff ;  Ycf  ( 5  .  )  .  bnuo' 


.  (ri)  ra  <•  n 


. 
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s3  (3 )  =  1/53  =  .  008  <  .  0221 


and 


s4(4)  =  1/ (2/2  +  l)4  <  .00465  <  .01154. 


Proceeding  to  the  proof  of  the  theorem  we  consider  the 


generating  function 


f (z )  =  E  z 

j=l 


and  let 


(3.13) 


g  (z) 


fh(z)  +  fh  2  (z)  f(Z2) 

h! 


The  coefficient  of  z?  in  g(z)  will  be  greater  than  or  equal 
to  the  number  of  representations  of  j  as  the  sum  of  h  summands 
from  A  with  order  not  counted.  If  we  now  define  6 ( j )  by 


(3.14)  g ( z )  =  z+z  +.. 


+  zn  + 


ha, 

£ 

j  =  0 


6  (  j  ) 


then  6(j)  >_  0  for  all  j  since  A  is  an  h-basis  for  n. 

Putting  z  =  1  in  (3.14)  yields 


(3.15) 


—  +  kh  1  =  n  +  E  6  (  j  ) 

h! 


Note  that  (3.15)  implies  (3.3).  The  results  of  the  theorem  are 
obtained,  as  were  the  earlier  results  (3.4  b)  through  (3.7),  by 
showing  that  E  6(j)  is  large. 
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To  this  end  we  set  go  =  e ^7T^-/nf  so  that 

t  2t  3t  ,  nt  _  .  _  ,  n  , 

go  +  go  +go  +...  +  G0  =  0  if  and  only  if  n  -j-  t .  Hence 

from  (3.14)  we  obtain 

g  (go)  =  E  6  ( j  )  uj 


and 


g  ( u2r)  =  E  6  ( j)  u2r^ 


if  n  {  2r 


Hence,  employing  (3.13),  we  have 


-  kh  1  1  |g(oi)  |  l  l  6  ( j ) 


h! 


and 


_  kh  1  g  (oj2r)  |  £  E  6(j)  (n  -I-  2r) 

h! 


Therefore 


(3.16)  Z  6(  j)+kh  1  1  max  (|f(u)  |?  |  f  ( oo2)  |  ?  |  f  ( J)  |  ^  .  .  .  , 


|  f  (oo2r)  I1?  .  .  c  ;  n  }  2r  }f 


the  maximum  existing  since  the  set  is  actually  finite  (oo^114^  =oo^) 
We  obtain  a  lower  estimate  for  this  maximum  by  employing  the 


Fourier  series 


1 


(0  <  0  <  tt)  , 


(3.17) 


oo 

£  Cos  2 r0  =  ( 


■5-  sin  0  +  2  9 

r=l  4r  -1 


1  +  tt  sin  0  (it  <  ©  <  2 tt )  . 


'V  <:  >9  -I9WOI  6  do  9W 
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We  consider  the  sum 


F  = 


TT 


00 

y  Im  f(oo)  +2  E 

r=l 


Re  f(oo2r) 

4r2-l 


TT 


E  —  sin 

j=l  2 


2  TT  a  . 

1 


n 


n|2r 

oo 

+  2E 

r=l 

n|2r 


cos  ( 47rraj/n) 


4r  -  1 


k 

E 

j  =  l 


IT 

2  Sin 


oo  . 

27ra.  yi  cos(47ira./n 

- 1  +  2  L  - y-J - 

n  r=l  4r  -  1 


-  2  T.  I.  -4- 

j  =  l  r=l  4r  -1 


n  1  2r 

Now  let  Xk  denote  the  number  of  basis-elements  in  the  interval 
(n/2,  n] .  Then  by  (3.17), 


k(l-X)  +  ( 1-7T )  Xk  -  2k 


r=l  ( 2r)  -1 
n  I  2r 


>_  k  ( 1  -  X  tt  -  2  £  1/  [  (mn)  2  -  1]  ) 

m=l 


>  k(l  —  tt X  —  2/ (n2-l)  Yj  l/m^ ) 

m=l 

=  k(l  -  ttX  -  TT2/[3(n2-l)  ]  )  . 


Let  M  =  max{  |  f  (  cd)  |  ,  |f(a)2)|,  |f(oo4)|,  ...  ,|f(a)2r)|,  ...  ;  n{2r}. 

Since  the  sum  defining  F  is  increased  if  we  replace  Im  f(u)) 

2  T 

and  Ref  ( oo  )  (r  =  1,  2,  ...  ;  n  {  2r)  by  M,  we  have 


c  ;  >  ^  wod 
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F  <_  M  [tt/2  +  2  E 

r=l 

n+2r 


1/ ( 4r  -  1)] 


<  M ( tt/2  +  2  E  l/(4r  -1)  )  =  M ( 1  +  tt/2) 

r=l 


Hence 

M  >  k  1  -  ^  -  *2/[3(n2-l)  ] 

1  +  tt/2 

and  therefore  from  (3.16) 


i  i  ..h  ,  h 

r  x  /  ■  \  1  h-1  M  k 

E  6  ( j  )  +  k  >_  —  >  — 

h!  h! 


1  - 


TT  A  -  7T2/  [3  (n2-l)  ] 

1  +  tt/2 


h 


Therefore  by  (3.15) 


h-1 

+  2k  >  n  + 


h! 


h 


h! 


2  2  vh 
1  -  ttA  -  7T  /  [ 3  (n  -1)  ] 

1  +  tt/2 


or 


,  h 

k  y 

r. 

2h!  

1  -  ttA  -it2/ [3  (n2-l)  ]  ^ 

h 

h  * 

T 

k 

^  1  +  tt/2 

) 

k. 

>  >  n . 


Since  we  know  that  1/k  =  0(l/n1//h),  from  (3.3),  for  example,  we 
can  assert  the  following  lemma: 


Lemma  3 . 1  If  e  >  0  is  given,  then 

.  h 


(3.18) 


h! 


1  +  e  - 


1  -  TT  A 

1  +  tt/2  t 


>  n 


provided  n  is  sufficiently  large. 
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If  A  is  small  we  shall  use  Lemma  3.1.  On  the  other  hand, 
let  ak  denote  the  number  of  basis-elements  in  the  interval 
(n/h,  n] .  Then  of  the  sums  that  can  can  be 

formed  using  h  summands  from  A,  at  least 


ak+h-1 

h 


+  k  ( 1—  a ) 


Ak+h-2 
h-1 


k ( 1-a) +1 
2 


Ak+h-3 

h-2 


+ 


k ( 1-a) +h-3 
h-2 


sums  exceed  n.  This  sum  exceeds 


+  kU_0)  lAjijiii  +  *2n-“>2  (Ak)h~2  +  _ 


hi 


(h-1)  !  2! 


(h-2) ! 


,  h-2  , ,  v  h-2 
k  (1-a) 

(h-2)  i 


h  I 

k  |  h  ,  , .  .h-1  ,  ,hwi  ,2  h-2 

—  a  +  h ( 1-a) A  +  (^) (1-a)  A  +  . 

hi  1  z 


h 

h-2 


(1-a) 


h 


Let  us  denote  the  expression  in  parentheses  here  by  W^(a,A) . 


and  since 


k  +  h  -  1 
h 


>  n  +  W,  ( a ,  A )  , 

hi 


k  +  h  -  1 

(k  +  h  -  l)h 

kh 

fl  l  h’1l 

h 

hi 

hi 

k 

h 


h 


k_ 

hi 


Hence  we  can  assert 


1  + 


h-1 


h 


-  Wh ( a , A )  /  >  n . 


Lemma  3 . 2  If  e  >  0  is  given,  then 

,  h 


—  (1  +  e  -  W,  ( a ,  A )  }  >  n 
hi 


(3.19) 

provided  n  is  sufficiently  large. 


Ak+1 

2 


(Ak)  2 

2  ! 
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Proof  of  (j)  in  the  case  h  =  2,  we  have  a  =  A  and 

2 

W2(a,A)  =  a  .  The  optimum  result  is  obtained  for 


1  -  ttoi 

a  =  -  or 


1  +tt/2 


a  =  aQ  = 


1  +  3tt/2 


=  .175058 


If  a  <  (*q  ,  Lemma  3.1  yields  the  result  that  for  any  e  >  0, 


2 

iL- 


(1  +  e  -  .03064)  >  n 


if  n  is  sufficiently  large,  while  if  a  >_  this  follows 
from  Lemma  3.2.  Theorem  3.1  (i)  follows. 


Before  proceeding  to  the  proof  of  part  (ii) ,  we  remark  that 
in  general,  the  optimal  values  of  a  and  A  satisfy 


( a , A ) 


1  -  7T  A 

1  +  tt/2 


where  the  common  value  of  these  quantities  is  as  large  as 

possible.  In  the  cases  h  =  3  and  4,  we  shall  find  approximate 

optimal  solutions  of  this  equation  by  numerical  trials.  The 

method  seems  impracticable  for  high  values  of  h,  and  for  h  >_  5 
we  content  ourselves  with  proving  (3.11)  and  (3.12). 

3  2 

Proof  of  (ii)  We  write  W  =  W^(a,A)  =  a  +  3(l-a)A  .  Then 

2 

=  3a2  -  3 A 2  and  — ~  =  6a  >  0,  so  that  for  a  given  value 

9a  „  2  — 

9  a 

of  A,  W  is  minimal  when  a  =  A.  (Recall  that  a  >_  A  by 
definition.)  Hence 

W  >  A3  +  3 (1  -A) A2  =  A2 (3  - 


2  A )  . 
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Note  that  this  increases  with  A,  while  (1-ttA)  /  (I+tt/2) 
increases  as  A  decreases.  We  find  that  for  \  =  .0886, 


1  -  7T  A 
1  +7T/2 


.02212  . . .  and  A2 (3  -  2A) 


.02215  ... 


Hence  if  A  <  .  0886  ,  Lemma  3.1  implies  (3.9)  while  if  A  >_  .  0886  , 
Lemma  3.2  implies  (3.9). 


Proof  of 


Again  we 
For  A  = 


( iii)  We  write 

W  =  W4(a,A)  =  a4  +  4(l-a)A3  +  6(l-a)2  A2. 

use  numerical  trials  to  find  a  nearly  optimal 
.05, 


result . 


(3.20) 

and  this 

Now 

Denoting 


1  -  tt  A 
1  +  tt/2 


.01155, 


inequality  continues  to  hold  for  A  < 

let  A  >_  .05.  Then 

W  >_  a4  +  .  0005  (l-a)  +  .015  (1-a) 
this  expression  by  w(a),  we  find 

w' (a)  =  4a3  +  . 03a  -  . 0305 


05. 


w  (a)  =  12a2  +  .03. 


and 


. 
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II 

Since  w  (a)  >0  for  any  a,  w  has  an  absolute  minimum  at 

some  value  of  a.  By  numerical  trial  we  find  that  this 

i 

zero  o.q  of  w  (a)  satisfies 


.184  <  oIq  <  .185. 

Now  we  find 

w  ( . 183 )  =  .  011542  3  , 

w  ( .  184 )  =  .  0115420, 

these  estimates  being  correct  to  the  number  of  decimal  places 
shown.  Because  of  the  convexity  of  w,  it  is  now  obvious  that 

w(c*q)  >  .0115415. 

Hence,  if  A  >  .05, 


(3.21) 


W  >  .011541. 


(3.10)  now  follows  by  Lemmas  3.1  and  3.2. 

Regarding  the  optimality  of  this  result,  we  remark  that  we 
cannot  increase  the  fourth  decimal  place  in  (3.20)  and  (3.21).  We 
could  increase  the  fourth  decimal  place  in  (3.20)  only  by  using 
some  A <  .05.  But  since  for  given  a,  W^(a,A)  increases  with  A, 
we  would  find  that 

W4 ( a  0 , A  p)  <  W4 (aQ ,  . 05)  , 


and  since 


sJO  Ynfc  o  <  (o)  w 


JO  019  s 


.  281 . 


.09 fo  k  idshJC  t*-  r  or  .)  sc  J  saudu 

■ 


X 


.iteixo.  <  w 


■■■•.'..  .  ■  -  ■  •  ■ 
pnj.au  yd  vino  (OS.  ;  ni  '?os!<  limiosb  rtoiuol  sril  ssssiotti  bluoo 


i  .  bn  UOV  9  ■/ 


VE**©"' : 
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min  W4(a,X1)  <  W4(aQ/X1), 

a 

we  would  not  be  able  to  assert,  in  place  of  (3.21),  that 
W  >  .0116  if  X  >_  X-j^  Hence  we  cannot  improve  the  fourth 
decimal  place  of  the  number  .01154  shown  in  (3.10)  by  the 
method  of  this  chapter. 


Proof  of  (iv)  and  (v)  Let  us  abbreviate  s (h)  to  s. 

For  any  z  >  0,  provided  n  is  sufficiently  large.  Lemma  3.1 
will  yield 


(3.22) 


— {1  +  e  -  [  (1+6) s] h}  >  n 
h! 


if 


1  ~  7T  X 
1  +  7T /2 


>  (1+6)  s ,  or  if  tt X  <  1 


( I+tt/2 )  (1+6)  s. 


(For  the  moment  we  regard  6  as  some  suitable  non-negative 
number . ) 

Assume  on  the  other  hand  that 


(3.23)  ttA  >_  1  -  ( l+n/2 )  (1  +  6)  s. 

We  wish  to  show  that 

(3.24)  Wh(a,X)  >  [  (1+6) s] 

for  some  value  of  6/  so  that  Lemma  3.2  will  yield  (3.22)  . 
(3.23)  implies  ttA  >  [3  -  (I+tt/2)  (1+6)]  s  since  s  <  1/3 

for  any  h.  We  write  c  =  3  -  (I+tt/2)  (1+6)  ,  so  that 


,  {  ,*>)  w  >  (Xx,»)  ,w  nim 


ds dd  ,(!£.£)  lo  soBlq  ni  ,^se  is  ad  doft  bluow  aw 


dd:iiJod  odd  avo^qmi  ionaao  aw  aonsH 


fc2II0.  is c  ni UR  arid  do  aoclq  If  iioabi 


edf  xva-  ddi  2  r  daJ 


blaiY  IUw 


.8  (a+i)  (s\r+i)  -i  /  d  to  !a+i)  <  --  -7,  dx 


. 


i  :p9n-non  aldsdius  axioa  ar  rj  btrspai  aw  dnamo/n  add  ilo'*) 


dadd  fc.  >rf  i^ddo  add  no  emuBsA 


.  (  +1) (S\  J )  -I  / t  (£S.£) 


. 


onxe  s  [(3+I)(S'V  +  )  -  fj  <  X  aailqmi  (££„£) 
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(3.25)  X  >  c  s  /tt  . 

Then 


W 


h (a , X) 


a 


h 


+h  ( 1-a) 


/  \  h-1 

cs 

lh] 

,  .  2 

cs 

TT  j 

2 

(1-a) 

TT 

h-2 


+  •  •  .  + 


h 

h-2 


(1-a) 


h-2 


cs 


7T 


and  this  exceeds 


[(l+8)s]h 


if  and  only  if 


a 

|\  h 

c 

h-1 

h\ 

1-a 

2 

c 

(1+3) s  , 

(1+3)  s 

(1+3)  tt 

T 

,2, 

(1+3  )s 

(1+3)  tt  i 

(3.26) 


h  \ 

■ 

1-a 

h-2 

V2 

c  \ 

h-2 

( 1+3 ) s 

(1+3)  TT 

Since  a  >_  X ,  a/s  _>  X/s  >  c/tt.  Furthermore,  if  a  •>  (1+3)  s, 
then  (3.24)  would  follow,  so  that  for  the  purpose  of  proving 

(3.26)  we  can  assume  a  <  (l+3)s. 


Then 


(l-a)/s  >  1/s  -  (1+3)  >  3  - 


Hence  the  left  side  of  (3.26)  exceeds 


(3.27) 


(1+3)  tt 


h 


+  h 


2-3 

1+3 


(1+3)  tt 


h-1 


+ 


(1+3 )  -  2  -  3 . 


h 

2-31 

h-2 

c 

h-2 

. 

l+Bj 

(1+3)  tt 

A  straightforward  calculation  shows  that  for  3  =  .  02  01  and  h  >_  5 , 
the  last  term  alone  of  (3.27)  exceeds  1,  while  for  3  =  .101  and 
h  >_  8  the  last  term  exceeds  1.  Hence  for  these  respective 
values  of  3  and  h,  (3.24)  holds,  and  Lemma  3.2  yields  (3.22). 


' 


. 


/  ri  \ 

(M  _ 

(dS.£) 


.  c  ;o  9  oq:  q  ,-c  i  roc  c  ,woI  jxugw  nariJ 


smusas  neo  9W  (d£.£) 


:>.0}  3  C  -  -2  Js  A 


- 
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Thus  (3.22)  holds  in  any  case  for  these  respective 
values  of  3  and  h,  and  from  this  we  obtain  respectively 
(3.11)  and  (3.12) 

The  proof  of  theorem  3.1  is  now  complete. 


We  would  like  to  remark  that  using  the  whole  of  the  sum 

(3.27)  would  allow  but  little  improvement.  The  sum  can  be 
written 


2-3 

h 

f(1  +  -- 

1 

1+8  ]h  -  h 

1  _  1 

1+6  1  -  il 

1+6 

i  " 

2 

2-3  / 

IT  2 

1 

GQ 

1 

CN 

and  we  find  that  for  3  =  .03  and  h  =  5,  this 
and  for  3  =  .1/  h  =  7,  it  is  again  less  than 
term  of  (3.27)  would  seem  to  be  the  bulk  of  the 


is  less  than  1, 
1.  The  last 
sum. 


§3.3  The  restricted  case 

Here,  all  k  of  the  basis-elements  lie  in  the  interval 

[0,  n/h] .  We  prove  the  following  theorems: 

Theorem  3 . 2  Let  h  =  2.  Then  for  n  sufficiently  large, 

k2 

(3.28)  —  (1  -  .1513)  >  n. 

2 

Theorem  3 . 3  Let  h  >_  3  .  For  any  e  >  0, 

i  h  0h-l 

(3.29)  k_  ,  2 _  n 

h!  h(l+e) 


provided  n  is  sufficiently  large. 


ylevi^csqa  Jt  n  i  (iJ  !  )  ew  airid  moi^  bn© 

(£I.£)  bns  (XI. £) 

.  s/alqjnoo  won  a i  I,£  moiosrf^  :to  aooiq  eriT 

r < 

:iu  -  .  rfi  d  t  lor  r  3  d  paxau  jsrU  3ftsm©:i  od  ©^i  I  jIuow  ©W 

.  dm  aievoiq/nx  >IddiI  dud  woXXs  bluow  (V£.E) 

n©ddxtw 


a+i/ 

nar  rjsi  .  .  £oe  ei  .  \J  ~  ,  I.  *  8  to:  b  u> 

't!  v  t  '■I  ;of  s  €  ‘  o  'Si  :  i/ot  <  T£ .  E )  ‘< 

ft  •  •  -  f  9dO.  2  n:'  __  - 

i^vtsdru:  ©rid  nx  ©i  ednsm©.  9-eigfld  arid  io  lie  ,  ©t^ 

:ameto©  .  niwo .  .  :>i  ©rid  ©votq  ©W  .  (rl\n  %0J 

■ 

s:  . 


Yflfi  lol 


(es.£) 
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Proof  of  Theorem  3.2  When  h  =  2 ,  a  =  A  =  0  and  the 
theorem  follows  directly  from  Lemma  3.1. 

Lemma  3.1  would  still  yield  a  result  for  h  >_  3 , 
but  it  would  not  be  as  good  as  the  previous  lower  estimate  (3.7). 
This  is  easy  to  see  since  for  h  >  3, 


co s  (  tt /h )  >  1/2  >  1/  (  I+tt/2  )  . 


Proof  of  Theorem  3 . 3  Let  there  be  m^  basis-elements  in 
[0,  n/2h]  and  m2  basis-elements  in  (n/2h,  n/h] .  Since  the 
integers  in  [0,  n/2h]  can  be  represented  only  as  sums  of  basis- 
elements  from  that  interval,  it  follows  that 


(3.30) 

^m^  +  h  -  l' 

> 

"n 

h 

_2h. 

> 

+  1  > 


n 


2h 


Further,  the  largest  integer  that  can  be  represented  if  one 
of  the  h  summands  is  in  [0,  n/2h]  does  not  exceed 
(h-l)n/h  +  n/2h  =  n-n/2h.  Hence  the  integers  in  (n  -  n/2h,  n] 
can  be  represented  only  as  sums  of  basis  elements  from 
(n/2h,  n/h] ,  and  therefore 


(3.31) 


1 

\ 

m2  +  h  -  1 


>  n  -  [n  -  n/2h]  >  n  -  (n  -  n/2h)  =  n/2h 


Hence 


(m.  +  h  -  1) 
1 

h! 


n 


2h 


for  i  =  1,2. 


S'  i  3iot  r!T  i  o 


.!.(  s>  meJ  moil  \ Xd09ixb  awoXXo  •  f)TSi09ri^ 

blsxY  XX^3  i  L'Ow  X.£  6iim9il 


o^smiJsa  zr .w  >X  joivsiq  &rt2  vs  boop  £»  .e  J  ion  bXuow  dx  dud 


,  C  rl  x  V:  >nrc  ;  'R  o-t  y®  ®  *■  eiriT 


£\I  <  (ri\* ) «oo 


.  9‘y*><-'  +  I  £.£  m9*xc  )riT  do  oox<I 


ii  z  ti  ^  j  si 

d  o  ir  •  i  no  be  ne .  .  t  sd  ne:  £\r,  %0) 

Id  au,.  c  t  dx  ,X,  x  .  isrid  eox'i  <  m 


*  — 2  <  I  +  -0  ,  X  -  ri  +  «>£. 


r  o  2:;n9i  3l  aibed  ru/e  vs  \ Lao  ba3ns&3v:qtyi  9d  nso 


9io3:9‘X9rii  bnu  ,  [rf\n  ,rt£\n) 
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Since  either  _<  k/2  or  rr^  <_  k/2,  it  follows  that 


(k/2) 

h! 


1  + 


2 (h-1) 


n 


2h 


and  Theorem  3.3  follows. 


Comparison  of  (3.29)  with  (3.7)  We  write  (3.7)  in  the  form 


h 


n 


h! 


1  +  e  -  [cos  ( Tr/h)  ] 


h 


and  compare  the  right  side  here  with  that  in  (3.29).  The 
inequality 


.h-1 


h(l+e:)  1  +  e  -  [cos  ( Tr/h)  ] 


h 


is  equivalent  to 


.h-1 


1  -  [cos  ( 7T / h )  ]*  1  /  (1  +  e) 


and  this  is  true  since,  as  we  shall  prove  for  h  >_  3 , 


(3.32) 


.h-1 


1  -  [cos  ( Tr/h)  ] 


The  comparison  for  h  =  3  and  h  =  4  is  given  in  the 
following  table: 


+  X 


. 


.  wolloi  £.£  m  fosriT  bn£ 


’*■**  % 

I-fic 


c  ■  l.  .  ■  ,  *  ,  2  -'O:  -  1)HB 


— 


:  •  .d>  -)  pniwolle  t 
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2h  1/h 


1  -  [cos  ( 77 /h)  ] 


3 

4 


4/3 

2 


8/7 

4/3 


For  h  >  5  we  not  only  prove  (3.32) ,  but  show 


(3.33) 


1  -  [COS  (  77 /h )  ] 


h 


h""  1 

This  inequality  seems  interesting  since  2a  /h  exceeds  h/3 
by  a  very  substantial  amount;  the  difference  in  order  of  magni¬ 
tude  of  the  quantities  in  (3.32)  is  correctly  illustrated  by 
this  comparison  since 


1  -  [COS  (  77 /h )  ] 


% 


2h 

T 


h 


77 


4.9 


The  inequality  (3.33)  is  equivalent  to 


[cos  (77/h)]1  <  1  -  3/h  . 


Now , 


COS  (  77 /h )  <  1  - 


77 


2hd 


1  - 


77 


12h4 


/ 


77  29  n  87 

<  1  2  *  <  ^  2 

2h  30  20h 


since  for  h  >  5, 


1  -  772/12h2  >  1  -  10/(12  *25)  =  29/30. 


Therefore  we  now  wish  to  prove 


(3.34) 


1  - 


4.35 


<  1  "  -  , 
h 


and  (3.33)  will  follow. 


' 


Yd  b&S&il&vlLi  \L3dszjod  b  (££.£)  ni  cocliitneup  eriJ  to  )bUJ 


i 


— 


[  (li\ir)  OO 


03  J  j :  nx  '  .  ■  *f;  £  iT 


TT 


.  voio  od  riexw  won  aw  9Xola^srfT 


£.U 
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For  h  =  5 ,  the  left  side  of  (3.34)  is  ( .  826 )  5  <  .39  <  1- 
and  we  turn  to  the  case  h  >  6.  First  we  observe  that 


1  - 


4.35 


<  1  -  h 


4.35 


+  <5> 


4.35 
h: 


since  the  terms  in  the  binomial  expansion  decrease  in  absolute 
value.  Next, 


l  _  4.35  +  h-JL  (4.35) 


h 


h' 


<  1  -  -  - 
h 


is  equivalent  to 


9.46125  <  1.35 


and  one  easily  shows  that  this  holds  for  h  >  6.  Thence  (3.33) 


§3.4  On  bases  for  Z=  (0,  1,  2,  ...  } 

In  the  following  we  let  B  denote  an  h-basis  for  Z. 
B(n) ,  the  counting  function  of  B,  denotes  the  number  of  non¬ 
zero  elements  of  B  not  exceeding  n. 


Stbhr  [20]  considered  the  problem  of  estimating 


lim  inf 

n~>-oo 


n 


B  (n) 
1/h 


,  and  by  a  simple  combinatorial  argument  (essenti 


ally  like  the  derivation  of  (3.3)  from  (3.2))  showed  that  for 
any  h-basis  B, 


(3.35) 


lim  inf 

n->°° 


B  (n) 


n 


1/h  - 


(h!) 


1/h 


3/5, 


■ 


■ 


seso  arid  od  mud  9W  bns 


.....*.  r;  . 

<dul cade  fix  yas9io«  b  nox8n£qx9  Xfixmonid  odd  nx  aimel  arid  aonxa 


del  3W  pniwollol  arid  nl 


do  nordonud  t'nxdnuoo  9rfd 


do  8dn9m:<Ie  oids 


oo+n 


i  d  ii  .id  i  ’woris  ((f  ioi  i  (£.£  o  or:  v  >  erfd  9^x1  Y-^6 


.  i-ii  d  vns 


n 
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He  used  the  result  (3.4  a)  of  Rohrbach  to  obtain  in  the  case 
h  =  2  the  sharper  estimate 

(3.36)  lim  inf  — _^n--  >_  —~z — 

n-*-oo  /n  /.  4992 


This  obtains  since  the  elements  not  exceeding  n  in  any 
2-basis  B  must  form  a  2-basis  for  n,  so  that 


B  (n)  >  k2(n)  1 


/n 


/n 


Similarly,  for  any  h-basis  B, 


B(n)  >  kh(n)  "  1 


n 


1/h  - 


n 


1/h 


(The  "-1"  appears  since  B(n)  counts  non-zero  elements  and 
k^(n)  counts  0  as  well.)  At  the  time  that  StOhr  wrote  his 
paper,  (3.35)  was  the  best  lower  estimate  to  be  had  in  case 
h  •>  3.  Our  estimates  (3.8)  through  (3.12)  in  Theorem  3.1  allow 
us  to  improve  on  (3.35)  and  (3.36) .  It  will  be  convenient  to 
consider  (3.8)  through  (3.12)  in  the  form 


kh  (n) 

h! 


(1  -  Bh)  >  n. 


with 


(3.37) 


e2  =  .0306  ,  e3  =  .0221  ,  3  4  =  .01154, 

3^  =(1.02  s(h))h  for  h  =  5,  6,  7,  and 

3,  =(1.1  s(h))h  for  h  >  8. 

h  — 


(Recall  that  s  (h)  =  cos(Tr/h)/(2  +  cos(ir/h)).) 


©demida©  *i  >.p£ria  ©rid  £  *=  rl 


r  i  be  ox©  3on  ain  a  q.Is  ©r  t  oonia  c  t  ,ido  aid  ' 


e  £j.(i-d  Ynfi  '* c ;.  ,  v I  es I irai3 


n:v^-aoa  •’i/u  do  ‘  t)  8  ©or  -  1  riT) 

?  c  *  .  A  '  - 

t  3  9 dsrn.  .  a©  ■  » •  o  I  us  i  r*<  «  •  r 

.  (d£.£)  nns  (5£.£)  no  evoiqm  od  au 
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Then  we  can  assert  for  h  >_  2  and  any  h-basis  B, 


(3.38) 


lim  inf 

n^oo 


B  (n) 

1/h 
n  ' 


h« 


i-et 


1/h 


For  h  =  2  this  estimate  is  1//.4847. 


Theorem  3.1  also  allows  a  more  precise  statement  of  a 
theorem  of  E.  Hartter  [8] .  Let  =  0  <  <  .  .  . 

denote  the  elements  of  an  h-basis  B.  Hartter  used  the  result 
of  StOhr  that  for  any  h-basis  B, 


lim  sup 
n^°o 


B  (n) 
I7h 


(h!) 


1/h 


n 


r (1  +  1/h) 


[20,  inequality  (5) ] ,  to  prove  the  following: 


There  is  no  h-basis  B  (h  >  2)  such  that 


(3.39) 


b,  >_  —  +  t(k) 

K  h! 


for  all  k  >  K 


for  any  sequence  (t(k)  },  0  _<  t(k)  =  o(k  )  . 


Since  in  B  the  elements  bQ,  b^  ...  ,  b^  must  form  an  h-basis 

for  bn  ,  it  follows  from  Theorem  3.1  that 

k' 

(3.40)  b  <  (k+1)  (1  -  Bh) 

K  h! 

for  all  sufficiently  large  k. 


1 


ini  mi I  (8£.E) 


(d\i  *i)i 


■ 
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We  could  write  k  in  place  of  the  k  +  1  on  the  right  side 

here  by  making  a  small  adjustment  in  the  proof  of  Theorem  3.1, 

where  we  found  it  convenient  to  let  k  be  the  total  number 

of  basis-elements,  including  0.  Clearly  (3.40)  says  more  than 

h 

(3.39)  in  that  (3.40)  puts  a  positive  lower  bound  on  k/h!  -  bR 
when  k  is  large . 


Hartter's  paper  also  contains  a  theorem  pertaining  to 

(k  =  0 ,  1,  ...  )  and 

>  A,  for  all 

Kti  k 

large  k.  We  make  this  more  precise. 


2-bases.  He  defines  A^.  =  b^  ^  -  b^ 
proves  that  there  is  no  2-basis  such  that  A^+^  - 


Suppose  that  A^+^  >  c  A^  f°r  k  >_  K  where  c  >  0. 

Hhrtter  shows  that  this  is  impossible  with  c  >_  1.  Therefore 
0  <  c  <  1  and  we  shall  show  that  for  any  e  >  0,  there  is 

some  Kq  such  that 


(3.41) 


c  <  1  - 


Ar  (1  -e) 
.4847  Kq 2-  bR 


For, 


bk  bK  +  AK  +  AK+1  +  •  •  •  +  ak_! 


>  bR  +  Ar  +  cAr  +  c2Ar  +  . . .  +  ck  K  1bK 


=  bK  +  AK 


1  -  c 


k-K 


1  -  c 


,  .  1  -  £ 

>  bK  +  Ar 

1  -  c 


if  k  is  sufficiently  large.  Hence,  from  (3.8),  there  is 
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some  Kq  such  that 

(3.42)  .4847  (k+1)  2  >  £ 

1  -  c 

for  all  k  ■>  Kq  -  1.  In  particular  we  have  (3.42)  with 
k  =  Kq  -  1,  and  hence  (3.41) . 

Lastly  we  discuss  briefly  an  implication  of  Theorem  3.1 
as  it  relates  to  some  results  of  Cassels  [4] .  Cassels  proved: 


For  each 

(3.43) 

Furthermore , 


h  >  2  there  is  an  h-basis  B  such  that 


lim 
k^°°  k 


h 


exists  and  is  positive 


among  such  h-bases  there  is  one  for  which 


bk  =  «h  kh  +  0  (kh  1)  . 


For  h  =  2  there  exist  bases  B  and  C  such  that 


and 


lim  inf 

k+°° 


8 


71  +  17 


3/2 


3 

53 


lim 

k->°° 


1 

27 


For  h  >  2  he  found  no  specific  value  for  the  limit  in  (3.43)  . 
Cassels  also  proved: 


b 


k 


For  every  2-basis  B, 


lim  inf 
k-H» 


<  .3927. 


— +  „d  <  (i+3i)  mt.. 


.  [*j  r.I:>aacD  io  ©ntos  od  ivIbLq' i  3i  as 


axasd-ri  ns  8X  died* 


rfotra  prtoms  ,  9ionr3eri:htij,3 


aaej-d  cti  xs  9X9/id  £  »  ri  “id 


t  ■  »  .  •  •  .  ■  njr>  on  j nr c 

c  I  P  -  r  ~  s'  visv-*  -  L  o  'T 


-81- 


h 

Cassels  mentioned  no  estimate  for  the  upper  limit  of  b^/k  • 
which  at  that  time  could  only  be  given  as  not  exceeding  1/hi, 
with  a  slight  reduction  in  the  case  h  =  2.  We  shall  state 
an  upper  limit  that  is  implied  by  Theorem  3.1. 

If  B  is  an  h-basis  and  6^  is  the  quantity  defined  by 
(3.37),  then  from  Theorem  3.1, 

bk  1  -  Bh 

- -  <  - 

(k+1) n  hi 


for  all  sufficiently  large  k.  Hence  we  can  assert  that  for  any 
h-basis  B, 


lim  sup 
k+°° 


This  inequality  is  equivalent  to  (3.38),  since 


lim  inf 

n>°° 


B  (n)  


n 


1/h 


lim  inf 

k-*°° 


1/h 


Y 


is  equivalent  to 


1 


h 

Y 


lim  sup 

k->°° 


< 


■ 
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APPENDIX 

ESTIMATION  OF  D (Q (E^ ) ) 


From  §2.2, 


D(Q(E4))  >1-1  K (p)  +  £  K (p)  K (q)  -  £  K(p)  K(q)  K(r). 

p  p<q  p  <  q  <  r 


Upper  estimate  for 


£  K(p) 


p 

v  /  7  6  4  3 

K  (p)  =  (p  -  p  +  p  ~  P 

+  D/P10 

2 

73/1,024 

• 

7T 

.07128 

90625 

3 

1,513/59,049 

.02562 

27878 

5 

63,001/9,765,625 

.00645 

13024 

7 

707,953/282,475,249 

.00250 

62479 

11 

17,728,921/25,937,424,601 

.00068 

35267 

13 

57,948,073/(137.858487  x 

9 

10  ) 

. 00042 

03446 

17 

386,279,713/(2,015.99379  x 

9 

10  ) 

. 00019 

16075 

19 

846, 949, 321/(6, 131. 06611  x 

9 

10  ) 

.00013 

81406 

23 

3,257,056,786/(414.265121  x 

i — 1 
rH 

O 

rH 

. 00007 

86225 

29 

16,655,735,572/(4,207.07234  x 

i — 1 
i — 1 

o 

rH 

. 00003 

95899 

.10742 

12324 

Hence  £  K(p)  = 
p<29 

places.-  Now,  since 

£  K  (p) 
p>2  9 


10742  12324  correct  to  at  least  six  decimal 
K ( p)  <  1/p3, 

<  Z  1/p3  +  E  1/P3 

3!  <p<_97  p>101 


(1) 


<  .000122  +  .000025 


.000147 


xiaaaqqA 


1 


3  +  (<i  X  2  -  X  <  (  (.3)0)0 


£  ic  -  .  M»u  ieq  |fJ 


lUi-t.k-.Vt.VS)  -  ial» _ _  _ SL 


>£0,i\E\ 

<  ,  ) 

'T. ,  5 V  t  ,  8S\.<: 

8d000 . 

(  01  x  V8!i85'l.r£X)\£V0 

eox  x  ersee. :xo,s>\exv 

SSIOOO.  > 
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where  the  first  sum  is  estimated  from  tables  and  the  second 


by  an  integral : 

00 

Z  l/p3<  2  1/ ( 2m+l ) 3  < 

p>101  m=50 


oo 


49.5 


dx _ 

( 2x+l ) 3 


.000025. 


Hence 


(2)  Z  K (p)  <  .107422  +  .000147  =  .107569. 

P 

Lower  estimate  for  Z  K(p)  K(q) 

P  <q 

From  the  previous  table  we  obtain  the  following  one: 


K  (2 )  K(p) 

K  (3) 

K<P) 

K  (5) 

K(p) 

K  (  7  )  K  (p) 

3 

.00182 

662 

— 

— 

— 

5 

.00045 

990 

.00016 

530 

— 

— 

7 

.00017 

866 

.00006 

421 

.00001 

616 

— 

11 

. 00004 

872 

.00001 

751 

.00000 

440 

.00000 

171 

13 

.00002 

996 

.00001 

077 

.00000 

271 

.00000 

105 

17 

.00001 

365 

.00000 

490 

.00000 

123 

.00000 

048 

19 

. 00000 

984 

.00000 

353 

.00000 

089 

.00000 

034 

23 

. 00000 

560 

.00000 

201 

.00000 

050 

. 00000 

019 

29 

.00000 

282 

.00000 

101 

.00000 

025 

.  00000 

009 

Totals : 

.00257 

577 

.00026 

924 

.00002 

614 

.00000 

386 

Hence 

(3)  Z  K (p)  K (q)  >  .00287  501  >  .002875 

p<q 


' 


■ 


9on9H 

<q)  >f  3 


:  ■>  '  h  ni/ijtio  «  3  suoxvsiq  ..fief  /no i'i 


uv  xoooo. 
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Upper  estimate 

for  2  K (p)  K(q) 

p<q<r 

K  (r) 

From 

the 

previous  tables  and 

(1)  we  obtain 

the  following 

table : 

/ 

P 

K  (2 ) 

K  ( 3 )  K  (p)  <’  K  ( 2 ) 

K(5)  K(p)  < 

K  ( 3 )  K  ( 5)  K(p)  < 

5 

- 

.00001  179 

— 

— 

7 

.00000  458 

.00000  116 

.00000  042 

11 

.00000  125  2 

p>ll 

K(2)K(5)K(p)< 

E  K(3)K(5)K(p) 
p>ll 

13 

.00000  077 

.00000  079 

.00000  029 

17 

.00000  036 

19  ' 

.00000  026 

E 

p>_23 

K  (2 )  K  (3)  K  (p)  < 

.00000  049 

Totals : 

.00001  950 

.00000  195 

.00000  071 

Hence 

X  K(p) 

p<q<r 

K (q)  K (r)  <  .00002216  + 

{  K  ( 2 )  +  K  ( 3  )  } 

E  K(p)  K  (q) 

7^<q 

<  .00002216  + 


<  .00002216  + 


+  2  K  (p)  K  (q) 

5<p<q<r 


K  ( 3 )  }  2 

K(p) 

2 

\p>_7 

1  Iq 

>1 

2  K  (p)j 

E  K  (q) 

p  >5  j 

Iqi?  J 

i 

K(q) 


2  K  (r ) 

r  >11 


2  K  (p) 
p 


2  K  (q) 
iq>7 


2  K  (r ) 

r  >11 


K  ( r ) 


< 


.  00002216  +  (.  10742123)  (.  00420508)  (.  00169884) 


Sli  <*)*  U;a 


SL 


*  00000. 


21,1  00000. 


Of  . 

3>:o  ooo  »o 
d£0  00000. 


"  <  - 


:al5ioT 


■i  dl££0000.  ■ 


<  r'3  UOO.  (  0<  )0.)  (ESISMTQI.)  dISSOOOO .  > 
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(4)  <  .00002216  +  .00000077  =  .00002293  <  .000023. 


Hence  from  (2) ,  (3) ,  and  (4) , 


D(Q(E4)  >  1  -  .107569  +  .002875  -  .000023  >  .8952. 


'  *  ,  'v  j'  V. 


